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Abstract 
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r*j ■ The problem of classification of connected holonomy groups (equivalently of holon- 

omy algebras) for pseudo-Riemannian manifolds is open. The classification of Rieman- 
nian holonomy algebras is a classical result. The classification of Lorentzian holonomy 
algebras was obtained recently. 

In the present paper weakly- irreducible not irreducible subalgebras of su(l,n + 1) 
(n > 0) are classified. Weakly-irreducible not irreducible holonomy algebras of pseudo- 

<3\ ■ 

Kahlerian and special pseudo-Kahlerian manifolds are classified. An example of metric 

in 
o 

algebras for pseudo-Kahlerian manifolds of index 2. 

o 

^2 
-i— > 
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for each possible holonomy algebra is given. This gives the classification of holonomy 
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1 Introduction 



The classification of connected holonomy groups of Riemannian manifolds is well known. 
First in 1952 A. Borel and A. Lichnerowicz proved that a Riemannian manifold is locally 
a product of Riemannian manifolds with irreducible holonomy groups, see [3]. In 1955 
M. Berger gave a list of possible connected irreducible holonomy groups of Riemannian 
manifolds, see [8]. Later, in 1989 R. Bryant constructed metrics for the exceptional groups 
of this list, see [TO] . 

In the case of pseudo-Riemannian manifolds appears the situation when the holonomy 
group preserves a degenerate vector subspace of the tangent space. In this situation 
the Borel-Lichnerowicz theorem does not work. A subgroup G C SO(p,q) is called 
weakly-irreducible if it does not preserve any nondegenerate proper subspace of W' g . The 
Wu theorem states that a pseudo-Riemannian manifold is locally a product of pseudo- 
Riemannian manifolds with weakly-irreducible holonomy groups, see [22]. This reduses 
the problem of classification of holonomy groups of pseudo-Riemannian manifolds to the 
weakly-irreducible case. If a holonomy group is irreducible, then it is weakly-irreducible. 
In [S] M. Berger gave also a list of possible connected irreducible holonomy groups for 
pseudo-Riemannian manifolds. 

Thus the first problem is to classify weakly- irreducible not irreducible subgroups of SO(p, q). 
This was completely done only for connected groups in the Lorentzian case, i.e. for the 
signature (l,n + 1), in 1993 by L. Berard Bergery and A. Ikemakhen, who divided con- 
nected weakly-irreducible not irreducible subgroups of 50(1, n + 1) into 4 types, see [5]. 
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In [12] more geometrical proof of this result was given, see also remark after Theorem 12.31 
To each weakly- irreducible not irreducible subgroup of G C SO(l, n+ 1) can be associated 
a subgroup of SO(n), which is called the orthogonal part of G. Just recently T. Leistner 
showed that the orthogonal part of a weakly-irreducible not irreducible holonomy group 
of a Lorentzian manifold must be the holonomy group of a Riemannian manifold, see 
[18\ \19\ I20j . In [13] metrics for groups of each type with the given connected holonomy 
group of a Riemannian manifold as the orthogonal part are constructed. This completes 
the classification of connected holonomy groups for Lorentzian manifolds. 

The next signature to study is (2, N). In 1998 A. Ikemakhen classified connected weakly- 
irreducible subgroups of SO(2, N) that preserve an isotropic plane and satisfy an additional 
condition, see [15]. We study connected holonomy groups of pseudo-Kahlerian manifolds 
of signature (2,2n + 2), i.e. holonomy groups contained in 17(1, n + 1) C SO(2,2n + 2). 
From the Wu theorem it follows that any such group is a product of irreducible holonomy 
groups of Kahlerian manifolds and of the weakly-irreducible holonomy group of a pseudo- 
Kahlerian manifold of signature (2, 2k + 2). 

Let M 2 ' 2n+2 be a 2n + 4-dimensional real vector space endowed with a complex structure J 
and with a J-invariant metric rj of signature (2, 2n + 2) (n > 0). In Section [2] we classify 
(up to conjugacy) all connected subgroups of SU(l,n + 1) that act weakly-irreducibly and 
not irreducibly on M 2,2n+2 , that is equivalent to the classification of the corresponding 
subalgebras of su(l,n + 1)- Any such subgroup preserves a 2-dimensional isotropic J- 
invariant subspace of M 2,2n+2 . We use a generalization of the method from |12j . 

As the first case, we consider all subalgebras of su(l, 1) that preserve a 2-dimensional 
isotropic J-invariant subspace of R 2,2 and show which of these subalgebras are weakly- 
irreducible. 

Then we consider the case n > 1. We denote by C 1,n+l the n + 2-dimensional complex 
vector space given by (R 2,2n+2 , J, if). Let g be the pseudo-Hermitian metric on C 1,n+1 
of signature (l,ra + 1) corresponding to r). If a subgroup G C £7(1, n + 1) acts weakly- 
irreducibly on M 2 ' 2n+2 , then G acts weakly-irreducibly on C 1,n , i.e. does not preserve 
any proper g-non-degenerate complex vector subspace. 

We consider the boundary <9H^. +1 of the complex hyperbolic space H^. +1 and identify 
<9H^, +1 with the 2n + 1-dimensional sphere S 2n+1 . We fix a complex isotropic line I C 
(£1,71+1 an j ,;[ eno te by U(l,n + l)i C £7(1, n + 1) the connected Lie subgroup that preserves 
the line Any connected subgroup G C £7(1, n + 1) that acts on C 1,n+1 weakly-irreducibly 
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and not irreducibly is conjugated to a subgroup of £7(1, n + 

We identify the set <9H™ +1 \{£} = S 2n+1 \{point} with the Heisenberg space H n = C n 9l. 
Any element / E £7(1, ra + 1); induces a transformation T(f) of 7i n , moreover, T(/) E 
SimH n , where Sim'Hn is the group of the Heisenberg similarity transformations of TC n . 
We show that T : £7(1, n + 1); — > Sim"H„ is a surjective Lie group homomorphism with 
the kernel T, where T is the 1-dimensional subgroup generated by the complex structure 
J E £7(1, n + 1);. In particular, T is the center of £7(1, n + 1);. Let 5£7(l,n + 1); = 
£7(1, n + l),n SU(1, n + 1). Then £7(1, n + 1)/ = SZ7(1, n + 1)/ • T and the restriction 

T \su(i,n+i) l ■ SU{l,n + l)i Sim?i, t 
is a Lie group isomorphism. 

We consider the projection ir : Sim'Hn — * SimC™, where SimC™ is the group of similarity 
transformations of C n . The homomorphism it is surjective and its kernel is 1-dimensional. 

We prove that if a subgroup G C £7(1, n + 1); acts weakly-irreducibly on C ,n+ , then 

(1) the subgroup w(T(G)) C SimC™ does not preserve any proper complex affine subspace 
ofC n ; 

(2) if ir(T(G)) C SimC™ preserves a proper non-complex affine subspace L C C™, then 
the minimal complex affine subspace of C n containing L is C n . 

This is the key statement for our classification. 

Since we are interested in connected Lie groups, it is enough to classify the corresponding 
Lie algebras. The classification is done in the following way: 

• First we describe non-complex vector subspaces L C C™ with span c L = C™ (it is enough 
to consider only vector subspaces, since we do the classification up to conjugacy). Any 
such non-complex vector subspace has the form L = C m © R n_m , where < m < n. Here 
we have 3 types of subspaces: 1) m = (L is a real form of C ra ); 2) < m < n; 3) m = n 
(L = C n ). 

• We describe the Lie algebras f of the connected Lie subgroups F C SimC™ preserving 
L. Without loss of generality, we can assume that each Lie group F does not preserve 
any proper affine subspace of L. This means that F acts irreducibly on L. By a theorem 
of D.V. Alekseevsky [21 E], F acts transitively on L. In our recent paper [p2] we divided 
transitive similarity transformation groups of Euclidean spaces into 4 types. Here we 
unify two of the types. The group F is contained in (R + x SO(L) x SO(L L ^)) X L, 
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where R + is the group of real dilations of C" about the origin and L is the group of all 
translations in C™ by vectors of L. In general situation we know only the projection of F 
on SimL = (R+ x SO(L))AL, but in our case the projection of F on SO(L) x SO(L^) is 
also contained in U{n) and we know the full information about F. On this step we obtain 
9 types of Lie algebras. 

• Then we describe subalgebras a C LA(SimW ra ) with 7r(a) = f. For each f we have 2 
possibilities: a = f + ker tt or a = {x + ((x)\x G f}, where £ : f — > kern is a linear map. 
Using the isomorphism (r| su ( l ra+1 ) ; ) _1 we obtain a list of subalgebras g C su(l,n + 1);. 
This gives us 12 types of Lie algebras. 

• Finally we check which of the obtained subalgebras of su(l, n + l)i C so(2, 2n + 2) are 
weakly-irreducible. It turns out that some of the types contain Lie algebras that are not 
weakly- irreducible. Giving new definitions to these types we obtain 11 types of weakly- 
irreducible Lie algebras. Unifying some of the types we obtain 7 types of weakly-irreducible 
subalgebras of su(l, ii + 1)jC so(2, 2n + 2). 

The result can be stated as follows. 

Let n = 0. The Lie algebra su(l, 1); is 2-dimensional nilpotent, we have su(l, 1)/ = 
R x R and [(a, 0), (0, c)] = (0, 2ac). There are 2 weakly-irreducible subalgebras of su(l, 1)/: 
{(0, c)|c e R} and the whole su(l, 1);. 

Let n > 0. For the Lie algebra su(l,n + l)z we have the Iwasawa decomposition 

su(l,n + l)i = (M0u(n)) x LA H n , 

where LA 7i n = C n x R is the Lie algebra of the Lie group 7i n of the Heisenberg translations 
of the Heisenberg space H n - 

Let < m < n be an integer. Consider the decomposition C n = C m © C n ~ m . Let 
1} C u(m) © sod(n — m) be a subalgebra, here sod(n — m) = { ( ^ ^ ) | -B G so(n — m)} C 
su(n — m). The Lie algebras of one of the types of weakly-irreducible subalgebras of 
su(l, n + 1)/ C so(2, In + 2) have the form 

g m ^ Al = (R © f)) x ((C m © R n ~ m ) x R), 

where R n_m C C n ~ m is a real form. The other types of weakly-irreducible subalgebras of 
su(l, n + \)i C so(2, 2n + 2) can be obtained from this one using some twisting and they 
have the following forms: 



5 



g mA, v= {^(^ + A \ A g fjj x ((c m e R n " m ) x R), 
where 99 : f) — > R is a linear map with = 0; 

fl n,^,*,i_ + ^(,4)1,4 ((C fc © R n ~ l ) x R), 

where k and i are integers such that < k < I < n, we have the decomposition 
C n = C k © C'~ fe © C"-', f) C u(fc) is a subalgebra with dim^f)) > n + / - 2k and 
tj) : f) —* C l ~ k © iM. n ~ l is a surjective linear map with = 0; 

0«*.&.iW,r = + ^(A)|i4 G f)} x ((C fc © R m ~' © R r '- m ) x R), 

where k, I, r and m are integers such that 0<k<l<m<r<n and m < n, we 
have the decomposition C n = C fc ffiC^ fc ffiC m " / ffiC r - m ffiC n - r , f) C u{k)®sod(r-m) 
is a subalgebra with dim 3(f)) >n + m + l-2k-r and V : f) — ► C~ fc © R n ~ r © zR m_/ 
is a surjective linear map with = 0; 

°.W>,fc= + ^(A)|4 G fj} k (R fc x R), 

where < k < n, we have the decomposition C n = C fc © C n ~ k , f) C soO(fc) is a 
subalgebra such that dim3(f)) > n — k, tp : f) — ► R ra_fc is a surjective linear map with 
1>W =0; 

0°.*.C = {A + C(A)\A G f)} x R n , 

where f) C soO(n) is a subalgebra with 3(f)) 7^ {0}, (:[)-»Kc LAH. n is a non-zero 
linear map with Cl 3 ((j) 7^ 0; 

o,W,fc,C- {,4 + ip(A) + C(-4)|-4 et)}K R fc , 

where 1 < < n, we have the decomposition C n = C k © C n ~ fc , f) C S09(fc) is a 
subalgebra with dim 3(f)) > n — k, ip : f) — ► R n_fc is a surjective linear map with 
''Pit)' = 0) C : f) ~~ * K C LAW n is a non-zero linear map with = 0. 

Note that the last two types of weakly-irreducible subalgebras g C su(l, n+1)/ C so (2, 2n+ 
2) were not considered by A. Ikemakhen in |15j . 

For each f C LA(SimW n ) as above and for each g C su(l,n + 1); with 7r(T(g)) = f we 
consider the Lie algebras g J = g © RJ and g^ = {x + £(x)\x G g}, where £ : g —* R 
is a non-zero linear map. As we claimed above, any weakly-irreducible subalgebra of 
u(l, n + l)i C so(2, 2n + 2) is of the form g, g J or g£. These subalgebras are candidates for 
the weakly-irreducible subalgebras of u(l, n+ 1)/ C so (2, 2n + 2). We associate with each of 
these subalgebras an integer < m < n. If m > 0, then the subalgebras of the form g, g J 
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and C u(1, n+ 1); are weakly-irreducible. We have inclusions u(m) C u(n) C u(l, n+l)i 
and projection maps pr u ( m ) : u(l,n + 1)/ — ► u(m), pr u ( n ) : u(l,n + 1)/ — ► u(n). 

In Section [3] we classify weakly-irreducible Berger subalgebras of u(l,n + 1)/. These 
subalgebras are candidates for the holonomy algebras. Then we show that all these Berger 
algebras are holonomy algebras. 

More precisely, for any subalgebra g C u(l, n + 1)/ consider the space TZ(g) of curvature 
tensors of type q, 



R G Hom(M 2 ' 2n+2 A K 2 ' 2n+2 , g) 



R(u A v)w + R(v A w)u + R(w A u)v = 
for all u,v,w G M 2 - 2n + 2 



Denote by L(JZ(g)) the vector subspace of g spanned by R(u A v) for all R G 7£(g), 

L(ft(fl)) = span{ J R(n A u)|H 6 TZ(g), u, v G M 2 ' 2n+2 }. 

A subalgebra g C u(l, n + 1)/ is called a Berger algebra if L(lZ(g)) = g. Prom the Ambrose- 
Singer theorem [3] it follows that if g C u(l,n + 1); is the holonomy algebra of a pseudo- 
Kahlerian manifold, then g is a Berger algebra (here we identify the tangent space to the 
manifold at some point with M 2,2n+2 ). 

First we consider all subalgebras of u(l, 1); and show which of these subalgebras are 
weakly- irreducible Berger subalgebras. 

Then we consider the case n > 1. For any integer < m < n and subalgebra u C 
u(m) © soO(m + l,...,n) we consider a subalgebra g m ' u C u(l,n + 1); and describe the 
space lZ{g m,u ). The Lie algebras of the form g m,u contain all candidates for the weakly- 
irreducible subalgebras of u(l,n + 1);. For any subalgebra g C g m ' u the space lZ(g) can 
be found from the following condition 

R £ 11(g) if and only if R G K(g m ' u ) and R(R 2 ' 2n+2 A M 2 > 2 "+ 2 ) c g. 

Using this, we easily find all weakly-irreducible not irreducible Berger subalgebras of 
u(l,n + l),. 

As the last step of the classification, we construct metrics on R 2n+4 that realize all Berger 
algebras obtained above as holonomy algebras. The coefficients of the metrics are polyno- 
mial functions, hence the corresponding Levi-Civita connections are analytic and in each 
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case the holonomy algebra at the point G R 2n+4 is generated by the operators 



R{X, Y) , V Zl R(X, Y) , V Z2 V Zl R(X, Y) , ... 

where X, Y, Z\, Z2,... are vectors at the point 0. We explicitly compute for each metric 
the components of the curvature tensor and its derivatives. Then using the induction, we 
find the holonomy algebra for each of the metrics. 

Thus we obtain the classification of weakly-irreducible not irreducible holonomy algebras 
contained in u(l,n + 1). The result can be stated as follows. 

Let n = 0. The Lie algebra u(l, 1)/ is a 3-dimensional nilpotent real Lie algebra, we 
have u(l,l)/ = C x R and [(a + i&,0),(0,c)] = (0, 2ac), a, b, c G R. There are three 
weakly-irreducible holonomy algebras contained in u(l, 1);: 

fjo^ = u(l,l),, t)oQ™ =M( 7l +i 72 ) xR( 7 i,72 Gt), t)oi 2 n=o = C. 
Let n > 0. For the Lie algebra u(l,n + 1); we have the Iwasawa decomposition 

u(l,n + l)j = (Ceu(n)) x LAH„. 

Consider the following type of weakly-irreducible holonomy algebras contained in u(l,n + 
1); Cso(2,2n + 2): 

where < m < n is an integer, we have the decompositions C n = C m ffiC n_m , C = R©iR, 
u C u(m) is a subalgebra, R n_m C C n_m is a real form and J n -m C u(n — m) C u(n) C 
u(l,n + 1)/ is the complex structure on C n_m . 

The other types of weakly-irreducible holonomy algebras contained in u(l,n + 1)/ C 
so(2,2n + 2) can be obtained from this type using some twisting. Let (p,(f> : u — > R 
be linear maps with </?| u / = 0| u / = 0. The other types have the following forms: 

l)or ,u,A 1 ,<P = ( R + J n _ m ) + A\A G u}) x ((C m © R n " m ) x R), 

r, or ,w = {^(A) + + J n „ m ) + A|A G u} x ((C m © R n - m ) x R), 

^ r ,u,^ 2 = + Jn _ m ) + ^ G u |) K ^ C m R n-m) K R ) 5 

^ or ,u,A = + A (- + j n _ m )) u) x ((C m © R n ~ m ) x R), where A G R, 



8 



f, [»Mi,tf,k,J_ { A + ^(,4)1,4 G u} x ((C fc R n ~') x R), 

where A; and I are integers such that < k < I < n, we have the decomposition 
C n = C fc © C'~ fc © C n ~', u C u(k) is a subalgebra with dim 3(11) > n + / - 2k and 
ip : u — > C i_fc © zR"™' is a surjective linear map with %p\ u i = 0, 

i)0l rn,u,i,,k,l,r = |^ + ^)|^ £ u} X ((C fc © R m_i © IT"™) X R), 

where A:, I, r and m are integers such that 0<k<l<m<r<n and m < n, 
we have the decomposition C n = C k © C^ fc © C" 1 "' © C r ~ m © C n ~ r , u C u(fe) is a 
subalgebra with dim3(u) > n + m + Z — 2k — r and ?/> : u — > C z ~ fc © iR m_i © R n_r is 
a surjective linear map with ^| u / = 0. 

As a corollary, we get the classification of weakly-irreducible not irreducible holonomy 
algebras contained in su(l, n+1) (i.e. of the holonomy algebras of special pseudo-Kahlerian 
manifolds). For n = these algebras are exhausted by {(0, c)|c G R} and su(l,l)j. For 
n > these algebras are the following: 

f)or^^, fjol" 1 -^ with <f>(A) = -jj-i^trcA; 
^^u^.fe^ ^ or ,^,fc,i,r with u c su ( k y 

The above result together with the Wu theorem and the classification of irreducible holon- 
omy algebras of M. Berger gives us the classification of holonomy algebras (or equivalently, 
of connected holonomy groups) for pseudo-Kahlerian manifolds of signature (2, 2n + 2). 

Remark that we do not have any additional condition on the u(m)-projection of a holonomy 
algebra, while in the Lorentzian case an analogous subalgebra F) C so(n) associated to a 
holonomy algebra must be the holonomy algebra of a Riemannian manifold. This shows 
the principal difference between our case and the case of Lorentzian manifolds. 

2 Weakly- irreducible not irreducible subalgebras of su(l, n + 
1) 

In this chapter we classify weakly-irreducible not irreducible subalgebras of su(l,ra + 1). 
The result is stated in Section 12.11 In the other sections we give preliminaries and the 
proof of the main theorem. 
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2.1 Classification of weakly-irreducible not irreducible subalgebras of 

$u(l,n+ 1) 



Let M 2,2n+2 be a 2n + 4-dimensional real vector space endowed with a complex structure 
J G Aut M 2 ' 2ri+2 , J 2 = — id and with a J-invariant metric 77 of signature (2, 2n + 2), i.e. 
rj(Jx,Jy) = r)(x,y) for all a;,y G R 2,2n+2 . We fix a basis pi, p 2 , ei,...,e n , fi,...,f n , Qi, 12 
of the vector space R 2 ' 2n + 2 such that the Gram matrix of the metric 77 and the complex 
structure J have the forms 



/ 1 \ 

00 01 

E 2n 

1 

V01 00/ 



and 



/ 





-1 














\ 




1 






























— E n 


















E n 






























-1 




V 














1 





/ 



, respectively. 



We denote by u(l, n + 1)< P1 , P2 > the subalgebra of u(l, n+ 1) that preserves the J-invariant 
2-dimensional isotropic subspace Rpi © Mp 2 C M 2 ' 2n+2 . The Lie algebra u(l, n + 1)< P1 , P2 > 
can be identified with the following matrix algebra 



u(l,n + l)< pijP2 > = < 





/ 


ai 


—02 


z l 


z 2 





— c 


\ 






a-i 


01 


Jt 

z 2 


-z 1 
z l 


c 







< 










B 


-c 


Zl 


-«2 














c 


B 


Z2 


Zl 




















—Ol 


— 02 


/ 
















a2 


-01 



H, 02, c £ K, 
Z1,Z2 G 1", 

(§ - B c )e«(n) 



Recall that 



and 



= { ( c ~b ) I B G s °(")' c G flK"), c* = c} 

S u(n)={(^)Gu(n)|trC = 0}. 

We identify the above element of u(l, n + 1)< P1)P2 > with the 7-tuple (ai, 02, B, C, z\, Z2,c). 
Define the following vector subspaces of u(l,n + l)< Pl , P2 > : 

^l 1 = {(ai,0,0,0,0,0,0)|oi £K}, A 2 = {(0, a 2 , 0, 0, 0, 0, 0)|a 2 G M}, 
AA 1 = {(0, 0, 0, 0, zi , 0, 0)\zi G W 1 }, M 2 = {(0,0,0,0,0,z 2 ,0)|z 2 G M"} 

and 

C = {(0,0,0,0,0,0,c)|c G R}. 
We consider u(n) as a subalgebra of u(l, n + 1)< P1 , P2 >- 
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We see that C is a commutative ideal, which commutes with A 2 , AA 1 , J\f 2 and u(n), and 
.A 1 © A 2 is a commutative subalgebras, which commutes with u(n). 

Furthermore, for 01,02,0 E M, zx, z 2 ,wi,w 2 E M n and G u(n) we obtain 

[(01, 0, 0, 0, 0, 0, 0), (0, 0, 0, 0, z x , z 2 ,c)} = (0, 0, 0, 0, a x zi, a lZ2 , 2a x c), 

[(0,O2, 0,0, 0,0,0), (0,0, 0,0,*i, js2,0)] = (0,0,0,0,02*2,-02^,0), 

[(0, 0, B, C, 0, 0, 0), (0, 0, 0, 0, zx , 0)] = (0, 0, 0, 0, B Zl - Cz 2 , Cz x + Bz 2 , 0), 

[(0, 0, 0, 0, zx , z 2 , 0), (0, 0, 0, 0, , wa, 0)] = (0, 0, 0, 0, 0, 0, 2(-z 1 w t 2 + z 2 w\)). 

Hence we obtain the decompositiorj^ 

u(l,n+ 1)< P1 , P2 > = (A 1 © «4 2 © u(n)) ix (A/" 1 + AT 2 + C). 

Denote by su(l,n + l)< Pl ,p 2 > the subalgebra of su(l,n + 1) that preserves the subspace 
Rpx © Rp 2 C M 2 ' 2n+2 . Then 



su(l,n + l)< pijP2 > = {(oi,o 2 , 5,(7, 2i,* 2 ,c) G u(l,n + l)< Pl)P2> |2a2 + tr R C = 0} 



and 

u(l, n + 1)< P1 , P2 > = su(l, n + 1)< P1 , P2 > © KJ. 
Therefore we obtain the decomposition 

su(l,n + 1) <PUP2> = (A 1 © su(n) © Rio) x (AA 1 + AA 2 +C), 



where 



/ o 



Note that 



1)<P1,P2> 





n 
n + 2 




n 
n + 2 




















^+2^™ 

















/ ai 


-02 





— c 


Q2 


"1 


c 











-ai 


-o 2 


V o 





«2 


-ai 






n + 2 







\ 









n + 2 

n + 2 U / 



ai,02,c 6 



e.A 2 ) ix c 



and su(l, l)<p l5 p 2 > — 

A 1 x C. 

1 We denote by X and X the semi-direct product and semi-direct sum for Lie groups 
and Lie algebras, respectively. If a Lie algebra is decomposed into a direct sum of vector 
subspaces, then we use +. 
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If a weakly-irreducible subalgebra g C u(l,n + 1) preserves a degenerate proper subspace 
W C ]R 2,2n+2 , then g preserves the J-invariant 2-dimensional isotropic subspace W\ C 

R 2,2n+2 ; where Wi = (w n jw) n (w n jw)- 1 if vf n jvf / {0} and Wi = © 

JW) n (W © JW) 1 - if W n JW = {0}. Therefore g is conjugated to a weakly-irreducible 
subalgebra of u(l, n + 1)<r p1 ,r P2 >- 

Let E = span{ei, ...,e„,/i, ...,/„}, -E 1 = span{ei, e n } and E 2 = span{/i, /„}. For 
any integers k and I with 1 < k < I < n we consider the following subspaces: 



E, 



fc,...,i = span{e fc ,...,ej C E x ,E\ 4 = span{/ fc , ...,/,} C E 2 ,E k: ,„ :l = E^ 
Mk,...,l = {(0, 0, 0, 0, Zl , 0, 0)|2i G El^} C AA 1 

and 

Mk,...,l = {(o, o, 0, 0, 0, z 2 ,0)\z 2 g El J C M 2 . 
Clearly E 1 = E\_ w E 2 = E 2 _ n , E = E lt ..., n , M 1 = Ml_ n and M 2 = M 2 _ n . 

We denote by u(e&, e/) the subalgebra of u(n) that preserves the vector subspace E k ^ C 
E and annihilates the orthogonal complement to this subspace. We denote u(l,...,Z) 
just by u(Z). Furthermore, let Jfc,...,; be the element of u(l,n + 1)<r P1i r P2 > defined by 
Jk,...,l\E k ,...,i = J \E k ,...,i and Jfc,...,^ ( = 0- We denote J^...^ just by J. Consider the 
following Lie algebra 



soU(k, 1) = < 



'/ooooooX 

B 





B 

.Voooooo/ 



5 G so(Z - fc + 1) 



> c su(fe, I), 



where the matrices of the operators are written with respect to the decomposition 

E = ^.....fc-i © E\_ x © E} +1 _ n © ...^ © E 2 ^ © < lv .. in . 

The subalgebra soQ(k, ...,/) C u(n) annihilates the orthogonal complement to E\ z©-Ef ; 
and acts diagonally on E\ t © E% ; . 

For any < m < n define the following vector space 

A 2 = {(0,02,0,0,0,0,0) + a 2 Jm+i,...,n\a2 G K}. 



Clearly, if m = n, then „4 2 = „4 2 ; if m = 0, then „4 2 = 
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Let h C u(n) be a subalgebra. Recall that h is a compact Lie algebra and we have the 
decomposition h = h' © 3(f)), where r/ is the commutant of h and 3(f)) is the center of h, 
see for example [21] , 

Theorem 2.1. 1) A subalgebra g C su(l,l) C so(2,2) is weakly-irreducible and not 
irreducible if and only if q is conjugated to the subalgebra C C 5u(l, l)< Pl)P2 > or to 

SU (1> 1)<P1,P2> ■ 

2) Let n > 1. T/ien a subalgebra q C su(l,re + 1) C so(2,2n + 2) is weakly-irreducible 
and not irreducible if and only if q is conjugated to one of the following subalgebras of 
su(l,n + l) <PuP2> : 

m ' Ml = (A 1 © {(0, -\ tr C, B, C, 0, 0, 0)| ( % -c )ef)})K (AT 1 + Mf_ m + C), 

where < m < n and h C su(m) © (J m — ^^Jn) ffisoc)(m + 1, n) is a subalgebra; 

Q m,^ = { ^ B ,C),-±trC,B,C,0,0,0)\(Z-C) G h} x (AA 1 + + C), 

where < m < n, h C su(m) © ( J m — j^Jn) © soU(m + 1, n) is a subalgebra and 
ip : h — > K is a linear map with ip\^ = 0; 

fl n,W,M = {(0,-itrC, J B,C^i(B,C),V2(S,C) + ^(S,C) ! 0)|(g- B c ) eh} 
><(^L, fc +AA 1 2 ..., fe +^ +w + C), 
where k and I are integers such that < k < I < n, he su(fc) © M(Jfe — ■^-^Jn) 
is a subalgebra with dim3(h) > n + I — 2k, ip : h — > -E^ +1 ^ + -Ef +1 / + ^f+i n 
is a surjective linear map with ip\y = 0, Vi = P r £^ , °V'j ^2 = P r _B| ; o, anc ^ 

Z+l, .. .,n 

fl m,W,fc,i,r = {(0> _ 1 tr C) jB) C) V?l(jB) C) + ^ <?), ^(B, C) + C), 0)| ( % G h} 

+^+1, ...,m + ^m+l,...,r +C), 

where k, I, r and m are integers such that 0<k<l<m<r<n and m < n, 
h C su(k) © M(Jfc — ^5 Jn) © soD(m + 1, ...,r) is a subalgebra with dim3(h) > 
n + m + /-2/c-r, ^ : h — > E\ +l ^ + j + m + £y+i,..., n «s « surjective 

linear map with = 0, Vi = P 1 ^ 1 ^2 = P r K 2 ^3 = P r K 2 °V ; 

fc+l,...,l fc+l,...,Z 1+1 m 

and -04 = Pfp 1 

r+l,...,n 

o,^,* = {(0, 0,5,0,^(^,0, 0)1 (f 0) G h} x CA/J... ifc + C), 

where < < n ; h C soU(l, /c) is a subalgebra such that dim3(h) > n — k, 
ip : h — > n is a surjective linear map with = 0; 
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0°.*.C= {(0, 0, B, 0, 0, 0, C(B))\ ( o b) G W K > 

where f) C 500(1, ...,n) is a subalgebra with 3(f)) 7^ {0} and ( : f) -» R is a non-zero 
linear map with Cljflj) 7^ 0;' 

O,^,*,C = { (o, 0, 5, 0, ^(5), 0, C(B))| ( aai. 

where 1 < k < n, t) C soD(l, fc) is a subalgebra with dim$(\)) > n — k, ip : f) — > 
n is a surjective linear map with = and £ : f) — > R is a non-zero linear 
map with (\y = 0. 

Remark. In [15] A. Ikemakhen classified weakly-irreducible subalgebras of so(2,iV + 
2)< PliP2 > that contain the ideal C, i.e. the last two types of Lie algebras from the above 
theorem were not considered in |15j . 

2.2 Transitive similarity transformation groups of Euclidian spaces 

Let (E,rj) be an Euclidean space, ||x|| 2 = n(x,x). A map / : E — > E is called a similarity 
transformation of E if there exists a A > such that ||/(xi) — 7(2:2) [| = A||xi — x<± \ | for all 
xi, %2 £ E. If A = 1, then / is called an isometry. Denote by SirnS and IsomE 1 the groups 
of all similarity transformations and isometries of E, respectively. A subgroup G C Simi? 
such that G <£_ IsomE 1 is called essential. A subgroup G C Sim I? is called irreducible if it 
does not preserve any proper aflfine subspace of E. 

The following theorem is due to D.V. Alekseevsky (see [2] or [3]). 

Theorem 2.2. A subgroup G C Sim.E acts irreducibly on E if and only if it acts transi- 
tively. 

We denote by E the group of all translations in E and by A 1 = R + the identity component 
of the group of all dilations of E about the origin. For the connected identity component 
of the Lie group IsomS we have the decomposition 

Isom E = SO(E) A E, 

where E is a normal subgroup of Isom E. For Sim E we obtain 

Sim E = A 1 A Isom E = (A 1 x SO(E)) X E, 

where E is a normal subgroup of Sim E and A 1 commutes with SO(E). 
In [12] we deduced from results of [2] and [3] the following theorem. 
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Theorem 2.3. LetG C Sim.E be a transitively acting connected subgroup. ThenG belongs 
to one of the following types 

type 1. G = (A x H) A E, where H C SO(E) is a connected Lie subgroup; 
type 2. G = H AE; 

type 3. G = (A x H) A E, where $ : A — > SO{E) is a non-trivial homomorphism and 

A® = {a - $(a)|a £ 4} C i x SO{E) 
is a group of screw dilations of E that commutes with H; 

type 4. G = (H x [/*)XW, where H C 50(1^) is a connected Lie subgroup, E = W (BU 
is an orthogonal decomposition, : U — > S'O(W) is a homomorphism with kerd^ = 
{0}, and 

17* = {$(«) • u |n G [/} C 50(VF) x U 
is a group of screw isometrics of E that commutes with H. 

Remark. Consider the Minkowski space Let I C M 1,ra+1 be an isotropic line 

and E C M 1 '"" 1 " 1 be an Euclidean subspace orthogonal to I. In [12] was constructed an 
isomorphism SO(l,n + 1); ~ Simi?, where SO(l,n + 1); is the connected subgroup of 
SO(l,n + 1) that preserves the line I. It was proved that a subgroup G C SO (I, n + l)i 
is weakly-irreducible if and only if the corresponding subgroup of Siml? acts transitively 
on E. Together with the above theorem this gives a classification of weakly-irreducible 
subgroups of SO (I, n + 

To the above decomposition of the Lie group Sim E corresponds the following decomposi- 
tion of its Lie algebra LA(Simi?): 

LA(Sim£) = (A 1 ® 50(E)) x E, 

where .4. 1 = R is the Lie algebra of the Lie group A 1 and E is the Lie algebra of the 
Lie group E. We see that .A 1 commutes with so(E), and E is a commutative ideal in 
LA(Sim£). 

Let 6 be a Lie algebra. We denote by B' the commutant of B and by i(B) the center of 
B. If B C so(n), then B is a compact Lie algebra and we have B = B' ®%{B). 
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The Lie algebras of the Lie groups from the above theorem have the following forms (see 

MY- 

type 1. = (A 1 ®B)kE, where B C so(E) is a subalgebra; 
type 2. 2 ' 6 = B \x E; 

type 3. g 3 ' 6 ^ = (£' {((p(x) + x)|x G 3(B)}) k £7, where <p : i{B) -> .A 1 is a non-zero 
linear map; 

type 4. 4 > fc > B >V> = (£' {(^( x ) + x)\x G 3(B)}) x W, where we have a non-trivial or- 
thogonal decomposition E = W © U such that B C so(W), and ip : 3(B) — > £7 is a 
surjective linear map; k = dimW. 

It is convenient for us to extend the maps (p and ip to B and to unify the Lie algebras of 
type 2 and 3 assuming that tp = for the Lie algebras of type 2. We obtain the following 

Theorem 2.4. Let G C Simi? be a transitively acting connected subgroup. Then the Lie 
algebra of G belongs to one of the following types 

type A 1 . Q B,Al = (A 1 ©£>) X E, where B C so(E) is a subalgebra; 

type ip. g 6 '^ = {(p(x) + x\x G B} x E, where ip : B — > A 1 is a linear map with ip\^/ = 0; 

type ip. Q®>^> k = {yj(x) + x\x G £>}) k VF, where we have a non-trivial orthogonal decom- 
position E = W (B U such that B C so(W), and yj ■ B — > U is a surjective linear map 
with tp\j3< = 0; k = dimW. 

For each Lie algebra q from Theorem 12.41 we call B C so(E) the orthogonal part of q. 

2.3 Similarity transformations of the Heisenberg spaces 

In this section we explain notation from [14] . which we will use later. 

Let £ be a complex vector space of dimension n endowed with a Hermitian metric g. 

By definition, the Heisenberg space associated to n is the direct sum H n = E © R. The 
line R is called the vertical axis. 

We consider 7i n also as a group with respect to the operation 

(z, u) ■ (w, v) = (z + w,u + v + 2lmg(z, w)), 
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where z,w £ E and u, v £ R. The group H n is nilpotent and R C K„ is a normal subgroup. 

We consider the action of the group H n on itself by left translations. These transformations 
are called the Heisenberg translations. 

The unitary group U (E) acts on 7i n by 

A : (z, u) i ^ (Az, u), 

where A G U{E). These transformations are called the Heisenberg rotations about the 
vertical axis. 

The group C* of non-zero complex numbers acts on H n by 

A : (z, u) i ^ (Az, | A| 2 «), 

where A G C*. These transformations are called £/ie complex Heisenberg dilations about 
the origin. 

The intersection of the group of the Heisenberg rotations about the vertical axis and 
the group of the complex Heisenberg dilations about the origin is the group of scalar 
multiplications by unit complex numbers T = C* n U(E). The groups C* and U{E) 
generate the group R + x U(E), where R + is the group of the real Heisenberg dilations 
about the origin, i.e. with A G M + . 

All the above transformations generate the Heisenberg similarity transformation group 

SimHn = (R + x U{E))AH n , 
where the subgroup TL n C SimW„ is normal. 

By definition, the similarity transformation group of the Hermitian space E is 

Simi? = (R+ x U(E))AE, 

where E C Simi? is a normal subgroup that consists of translations in E. 
We have the natural projection 

vr : SimH„ -> S'miE. 

The kernel of ir is 1-dimensional and consists of the Heisenberg translations (z, u) ^ 
(z,u + c), cel. 
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To the above decomposition of the Lie group SimW n corresponds the following decompo- 
sition of its Lie algebra 

LA(SimH„) = (A 1 © u(n)) x LA(W n ), 

where .A 1 = R is the Lie algebra of the Lie group of the real Heisenberg dilations about 
the origin. 

Let us denote by C the Lie algebra of the group of the Heisenberg translations (0, u) : 
(w, v) i-> (w,u + v). Let E C LA(W n ) be the tangent space to the submanifold E C SimE" 
at the unit. Then C is an ideal in LA(Sim Ti n ) and E is a vector subspace of LA(H n ) with 
[E, E] = C. We have LA(H n ) = E + C. Thus, 

LA(SimW n ) = (A 1 © u(n)) k{E + C). 

For the Lie algebra LA(SimE') of the Lie group SimE we obtain the decomposition 

LA(SimE') = (A 1 © u(n)) x E, 

where A 1 = R is the Lie algebra of the group of real dilations about the origin, E is the 
Lie algebra of the Lie group E. We see that A 1 commutes with u(n), and E is an ideal in 
LA(Sim£). 

We denote the differential of the projection tt : SimH n — > SimE also by ir. Obviously, the 
linear map 

7T : LA(SimH n ) -► LA(Sim£') 
is surjective with the 1-dimensional kernel C. 

2.4 The groups f/(l,n+l)c Pl and U(l, n+ 1)< P1 , P2 >, their Lie algebras and 
examples 

Let S be a complex vector space. Denote by the real vector space underlying S and by 
J the complex structure on Sr. The correspondence S 1 1— ► (5k, J) gives an isomorphism of 
categories of complex vector spaces and real vector spaces with complex structures. For a 
real vector space S with a complex structure J we denote by 5 the complex vector space 
given by (5, J). 

Let 5 be a complex vector space. A subspace Si C 5r is called complex if J5i = 5i, 
where J is the complex structure on 5r. A subspace 5i C 5r is called o reaZ form of 5 if 
J5i l~l 5i = {0} and dim K 5i = dim c 5. 
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Suppose that S is endowed with a pseudo-Hermitian metric g. For x,y £ let 
r](x, y) = Reg(x, y). Then 77 is a metric on Sr and we have 

rj(Jx,Jy) = r)(x,y) for all x,y £ Sr, i.e. 77 is J-invariant. Conversely, for a given real 
vector space S with a complex structure J and an J-invariant non-degenerate metric 77, 
let g(z, w) = r/(z, w) + in(z, Jw) for all z,w £ S. Then g is a pseudo-Hermitian metric on 
S. This gives us an isomorphism of categories of pseudo-Hermitian spaces and real vector 
spaces endowed with complex structures and invariant non-degenerate metrics. 

A vector subspace L C S (resp. S) is called degenerate if the restriction of 77 (resp. g) to 
L is degenerate. A vector subspace L C S (resp. S) is called isotropic if the restriction of 
77 (resp. g) to L is zero. 

Let S be a complex vector space of dimension n + 2, where n > 0, and let g be a pseudo- 
Hermitian metric on S of signature (l,n + 1). By definition, the pseudo-unitary group 
£/(l,n + 1) is the real Lie group of g-invariant automorphisms of S, i.e. 

U(l,n+ 1) = {/ € Aut(S)|0(/z,/u;) = g(z,w) for all z,w £ S}. 

The corresponding Lie algebra consists of g-skew symmetric endomorphisms of S, i.e. 

u(l, n + 1) = G End(S)|0(£s, w) + c/(z, fw) = for all z,w £ S}. 

Consider the action of the group U(l, n + 1) on 5r. Then 

17(1, n + 1) = {/ € 50(2, 2n + 2)| Jf = fj} 

and 

u(l, n + 1) = U e 00(2, 2n + 2)|[^, J] = 0}. 

Here SO(2, 2n + 2) is the Lie group of 77-orthogonal automorphisms of S'iR and so(2, 2n + 2) 
is the corresponding Lie algebra, which consists of r/-skew symmetric endomorphisms of 
<Sr- 

Let R 2 ' 2ra + 2 be a In + 4-dimensional real vector space endowed with a complex structure 
J £ AutM 2 ' 2ra+2 and with a J-invariant metric 77 of signature (2,2n + 2). Let <£ l,n+l 
be the n + 2-dimensional complex vector space given by (R 2,2n+2 , J, 77). Denote by g the 
pseudo-Hermitian metric on C 1,n+1 of signature (l,n + 1) corresponding to 77. 

We say that a subgroup G C U(l, n + 1) C SO(n + 2, C) acts weakly-irreducibly on C 1,n+1 
if it does not preserve any non- degenerate proper subspace of C 1,ra+1 . We say that a 
subalgebra 3 C u(l,n + 1) C so(n + 2,C) is weakly-irreducible if it does not preserve any 
non- degenerate proper subspace ofC 1,n+1 . 
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Proposition 2.1. If a subgroup G C £7(1, n + 1) acts weakly-irreducibly on M?' 2n+2 , then 
G acts weakly-irreducibly on C 1,n+1 . 

Proof. Suppose that G C £7(1, n + 1) acts weakly-irreducibly on R 2 > 2 ™+ 2 and G preserves 
a non-degenerate proper subspace L C C ' n+ . Hence G preserves the subspace Lr C 
]R 2,2n+2 . We claim that Lr is non-degenerate. Indeed, let x G LrD (Lr) ^ For any y G L 
we have g(:r, y) = r/(x, y) + ir/(x, Jy) = 0, since JL = L. Hence, x G L n -L -1-9 and x = 0. 
Thus the subspace Lr is non-degenerate and we have a contradiction. □ 

The converse to Proposition 12.11 is not true, see Example 12.31 below. 

For the group U(l,n + 1) we have the local decomposition £7(1, n + 1) = SU(1, n + 1) • T, 
where SU(1, n + 1) = £7(1, n + 1) D SL(2 + n, C) and T is the center of U(l, n + 1), which 
is the 1-dimensional subgroup generated by the complex structure J G U(l, n + 1). 

We fix a basis pi, ei, e n , gi of C 1,n+1 such that the Gram matrix of g has the form 




where E n is the n-dimensional identity matrix. Let E C C 1,n+1 be the vector subspace 
spanned by e±, e n . We will consider E as Hermitian space with the metric g\^. 

Denote by U(l, n + l)cpi the Lie subgroup of £7(1, n + 1) acting on C 1,n+1 and preserving 
the complex isotropic line Cp\. Since J G £7(1, n + l)cpi, we have the decomposition 
£7(1, n + l) Cpi = S£7(l, n + 1) • T, where 5£7(1, n + l) Cpi = £7(1, n + l) Cpi n SL{2 + n, C). 

The Lie algebra u(l,n + l)cpi of the Lie group £7(1, n + l)cpi can be identified with the 
following matrix algebra 



u(l,n + l) Cpi 





-2* 


ic \ 


!(; 


A 


-J 










a £ C, c<ER, z £ E, A £ u(n) 



Here u(n) is the unitary Lie algebra of the Hermitian space E. We identify the above matrix 
with the quadruple (a, A, z, c) and define the following vector subspaces of u(l, n + l)c P i : 

A = {(a, 0, 0, 0)| a G C}, M = {(0, 0, z, 0)|z G E} and C = {(0, 0, 0, c)\c £ R}. 

We consider u(n) as a subalgebra of u(l,n + l)cpi with the obvious inclusion. Note that 
C is a commutative ideal, which commutes with u(n) and Af, and .A is a commutative 
subalgebra, which commutes with u(n). For a £ C, c £ M, z,w £ E and ^4 G u(n) we 
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obtain 

[(a, 0,0,0), (0,0, 2, c)] = (0,0,az,2Rea • c), [(0, A, 0,0), (0,0,3,0)] = (0,0,Az,0) 

and 

[(0,0, 2,0), (0,0,^,0)] = (0,0,0, -2Img(z,w)). 
We obtain the decomposition 

u(l,n + l) Cpi = (A®u(n)) ix (M + C). 

For the Lie algebra su(l, n + l)c Pi of the Lie group SU (1, n + l)c P i we have 

su(l, n + l) Cpi = u(l, n + l)c P i n su(l, n + 1) = {£ G u(l, n + l) Cpi | tr c £ = 0} = 

{(a, A, z, c) G u(l, n + l)c P i|a - a + tr c A = 0} and u(l, n + l)c P i = su(l,n + l) Cpi © RJ. 

Let q C u(l, n + 1) C so(n + 2, C) be a weakly-irreducible and not irreducible subalgebra. 
Then g preserves a non-degenerate proper subspace L C C 1,n+1 . Hence g preserves the 
orthogonal complement L^ 3 and the intersection L n L^ 9 , which is an isotropic complex 
line. Hence g is conjugated to a weakly-irreducible subalgebra of u(l,n + l)c P i- 
Now we consider the real vector space M 2 ' 2n+2 . Let p2 = Jpi, fi = Je\,..., f n = Je n and 
Q2 = JQl- Consider the basis p\, p2, e%,...,e n , f f n , qi, qi of the vector space R 2,2n+2 . 
With respect to this basis the Gram matrix of the metric rj and the complex structure J 
have the forms 



/ o o o 
ooo 

o E 2n 

1 o o 
10 



1 o\ 

1 





/ 



and 



/ 





-1 














\ 




1 






























—E n 


















E n 






























-1 




V 














1 





/ 



respectively. 



We consider the vector space E = span R {ei, e n , f\, f n } C R 2 ' 2n+2 as an Euclidian 
space with the metric t]\e- Let E 1 = span^jei, e n } and E 2 = span K {/i, f n }. 

We denote by U(l, n + l)< pi ,p 2 > the subgroup of U(l, n + 1) acting on R 2 ' 2n + 2 and preserv- 
ing the isotropic 2-dimensional vector subspace Rpi © Rj»2 C R 2,2n+2 . The group U(l, n + 
1)< P1 , P2 > is just U(l, n + l)c P i acting on R 2,2n+2 . Denote by SU(1, n + l)< Pl , P2 > the group 
£17(1,71+ l)c Pl acting on M 2 < 2n + 2 . We have 17(1, n + 1)< P1 , P2 > = 517(1, n + 1)< P1 , P2 > • T. 



The Lie algebra u(l,n + 1] 



<P1,P2> 



of the Lie group 17(1, n + 1^ 



<Pl,P2> 



can be identified 



with the matrix algebra as in Section P2. 11 The correspondence between u(l,n + l)c Pi an d 
u(l, n + 1)< P1 , P2 > is given by the identities a = a\ + ia>2, A = B + iC and z = z\ + iz2- 

Now we consider some examples (we use denotation of Section 12. If) . 
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Example 2.1. The subalgebra g = AA 1 + C C u(l, n + 1)< P1 p 2 > ^ s weakly-irreducible. 

Proof. Suppose that g preserves a proper vector subspace L C M. 2,2n+2 . Let w = 
(oi, 02, a, /3, 61, 62) G where we use the decomposition 

R 2,2n+2 _ Rpi e Rp2 spari]R { ei) . 5 6n } sp an M {/i, /„} © M 9l © Rq 2 . 

Applying an element (0, 0, 0, 0, Z\ , 0, 0) G AA 1 C g with z^zi = 1 twice to u, we see that 
bxPi + b 2 p 2 G Applying the element (0, 0, 0, 0, 0, 0, 1) G C C g to we get — b 2 px + bxp 2 £ 
L. Hence if the projection of L to Rqi ©Rr/2 is non-zero, then L contains Mpi©Mp2 and the 
projection of L~ L ' 7 to RgiQMq^ is zero, moreover, is also preserved. Thus we can assume 
that the projection of L to Mgi ffiMg2 is zero. Let v = (ax, 02, a, /?, 0, 0) G L. If a 7^ 0, then 
applying the element (0, 0, 0, 0, a, 0, 0) G AA 1 C g to v , we see that 7^ a'api + a t [5p 2 G L, 
hence L is degenerate. The similar statement is for /3 7^ 0. If a = /? = for all v £ L, 
then L is degenerate. □ 

Example 2.2. JTte subalgebra g = AA 1 C u(l,n + 1)< P1 , P2 > is not weakly-irreducible. The 
subalgebra g = M 1 C u(l,n + l)cpi is weakly-irreducible. 

Proof. Suppose that g preserves a proper subspace L C C ,n+ . Let v = (ax, a, b\) G L 
(here we use the decomposition C 1,n+1 = Cpi © span c {ei, e n } © Cgi). Applying an 
element (0,0, zx,0) G AA 1 with 2^2:1 = 1 twice to v, we see that bxPx G L. As in Example 
12.11 we can assume that the projection of g to Cqx is zero and show that L is degenerate. 

The vector subspaces span R {j>i + p 2 , e% + fx, e n + /„, q\ + q 2 } C M?' 2n+2 and 
span M {pi — p 2 , ex — fx, e n — /„, qx — q 2 } C R 2 ' 2n + 2 are non-degenerate and preserved by 
fl. □ 

Example 2.3. The subalgebra g = AA 1 © RJ C u(l, n + l)< Pl ,p 2 > *s weakly-irreducible. 

Proof. Suppose that g preserves a proper vector subspace L C R 2 ' 2n+2 . Let v = 
(ax,a 2 ,a, (3,bx,b 2 ) G L. As in Example 12. l\ we see that + b 2 p 2 G L. Applying 
the element J G g to + 62^2, we get —b 2 px + &1P2 G L. The end of the proof is as in 
Example ED □ 

Let A 1 , A 2 , N 1 , N 2 and C be the connected Lie subgroups of U(l,n + l)c Pl corresponding 
to the subalgebras A , A 2 , M 1 , M 2 and C of the Lie algebra u(l, n + l)cpi • These groups 
can be identified with the following groups of matrices 
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V ai \ 



A 1 



TV 1 



id 



I V k J 



ai G M, 
ai > 



~ Z 1 2 Z 



I V 



id 




Zl 

1 J 



( e ia2 \ 
A 2 = I id 

v e ia2 J 

( 1 z\ \z\z2 \ 



zi £ E 1 \ , N 2 = < 



id z 2 
[ V 1 ; 



a 2 G 



z 2 G E 2 



' ( 1 ic \ 
C < id < G 
\o 1 J 

We consider the group U{n) as a Lie subgroup of U(l,n + l)cpi with the inclusion 

/ 1 \ 



A G C/(n) 



A 
V° W 



G [7(1, n+ l) Cpi . 



We have the decomposition U(l,n+ l) Cpi = (A 1 x A 2 x f7(n)) X (iV • C). 



2.5 Action of the group U(l,n+ l)c Pl on the boundary of the complex 
hyperbolic space 

As above, let C 1,n+1 be a complex vector space of dimension n + 2 and 5 be a pseudo- 
Hermitian metric on C 1,n+1 of signature (l,n + 1). A complex line Z C C 1,n+1 is called 
negative if g(z,z) < for all z G Z\{0}. The n + 1-dimensional complex hyperbolic space 
H^ +1 is the subset of the projective space PC 1,ra+1 consisting of all negative lines. 

The boundary <9H^. +1 of the complex hyperbolic space H^ +1 is the subset of the projective 
space PC 1,ra+1 consisting of all complex isotropic lines. 

We identify <9H^, +1 with a 2n + 1-dimensional real sphere in the following way. Let 
Pi, e±, e n , qi by the basis of C 1,n+1 as above. We also consider the basis 

e 0) 61, e n , e n _|_i, 

where eo = ^{pi — qi) and e n+ \ = ^(pi + qi). With respect to this basis the Gram 
matrix of g has the form 

, y 

E n+1 J 
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Consider the vector subspace E\ = E © Ce„ + i C E. Each isotropic line intersects the 
affine subspace eo + E\ at an unique point and we see that 



(eo + £ 1 )n{.eC 1 ^ 1 | 9 (v)=0} = 



t,2,2n+2 



x 



l,yo = 0, x\ + y\ + • • • + x 2 n+l + y 2 n+1 



1} 



is a 2n + 1-dimensional unite sphere S 2n+1 . Here (xq + iyo, x n+ \ + iy n +i) are the 
coordinates of a point z with respect to the basis eo, ei, e n , e n+ i. 

Let G C £7(1,71 + l)cpi be a subgroup. We identify <9H^ +1 \{Cpi} with a Heisenberg 
space Tin and consider an action of G on H n - For this let E2 = E ® M.e n+ \ and po = 
Cpi n (eo + E\) = \[2p\. Denote by sq the stereographic projection so : S 2n+1 \{po} - ► 
E2 (here we identify E2 and eo + E2). Note that E2 is just a Heisenberg space H n 
with the vertical axis iM.e n+ \. Any / G £7(1, n + l)cpi takes complex isotropic lines 
to complex isotropic lines, hence it acts on S 2n+1 \{po} = <9H^ +1 \{Cpi}, and we get 
the transformation T(/) = sq / Sq 1 of E2 = 7i n . Moreover, we will see that this 
transformation is a Heisenberg similarity transformation. 

Now we consider the basis pi, e±, e n , q\ and the matrices of elements of £7(1, n + l)cpi 
with respect to this basis. Computations show that 

/ 01 \ 



for a\ G 1, di > 0, the element 





V 



id 





j_ 

ai 



corresponds to the real Heisenberg dilation 

(z,iu) 1 ^ (a±z, afiu), 



where z G E and u G 



for 02 G R the element 



= «a2 




/ 1 



\ 




for A G £7(n) the element 




id 

e 
\ 



corresponds to the complex Heisenberg dilation 

(z, iu) 1— ► (e _W2 z,iu); 



A 



\ 1 

for 21 G S 1 , z 2 G -E 2 and c G K the elements 



/ 



corresponds the Heisenberg rotation 

(z, iu) 1— > (Az, iu); 



/ 


1 


-*! 






/ 


1 


4 


\z\z 2 






/ 


1 





ic 


\ 







id 


Zl 









id 


Z2 




and 







id 







V 








1 / 




V 








1 


J 




V 








1 


/ 



correspond to the Heisenberg translations 

(z, iu) 1 ^ (z + z±,iu + i2 lmg(z, z\)), (z, iu) 1— > (2: + Z2, + i2 11115(2, 2:2)) 
and (z,iu) (z,iu + ic), respectively. 
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Thus we have a surjective Lie group homomorphism 

r : U(l,n + l)c P i — »■ SimH n . 
The kernel of T is the center T of {7(1, n + l)cpu hence the restriction 

r lsc/(i,n+i) Cpi : S77(l,n + l)c P i -^SlrnTin 
is a Lie group isomorphism. 

We say that an affine subspace L C E is complex if the corresponding vector subspace is 
complex, otherwise we say that L is non- complex. 

Let 7r : Sim 7i n — > Sim E be the obvious projection. The homomorphism 7r is surjective and 
its kernel is 1-dimensional and consists of the Heisenberg translations (z, iu) i-> (z, iu + ic). 

Theorem 2.5. Lei G C C/(l,n+ l)cpi ^ e a weakly-irreducible subgroup. Then 

(1) TTie subgroup ir(T(G)) C SimE does not preserve any proper complex affine subspace 
ofE. 

(2) If tt(T(G)) C SimE preserves a proper non-complex affine subspace L C E, then the 
minimal complex affine subspace of E containing L is E. 

Proof. (1) First we prove that 7r(r(G)) C SimE does not preserve any proper complex 
vector subspace of E. Suppose that 7r(r(G)) preserves a proper complex vector subspace 
L C E. Then we have vr(r(G)) C (R+ x U(L) x U{L^))A.U, where i s the orthogonal 
complement to L in E. We see that the group G preserves the proper non-degenerate 
vector subspace L ±9 C C 1,n+1 . 

Suppose that 7r(r(G)) C SimE 1 preserves a proper complex affine subspace L C E. Let 
w G L and let Lq = — w + L be the corresponding to L complex vector subspace of E. 



Let / = 



/ 1 —w* -\w t w \ 
id w 



G U(l,n + l)cpi- Consider the subgroup G\ = f 1 Gf C 

\0 1 / 

n + l)cpi- We have 7r(r(Gi)) = — w ■ tt(T(G)) ■ w and 7r(r(Gi)) preserves the complex 

vector subspace Lq C E. Hence G\ preserves the complex vector subspace Lq 9 C C 1,n+1 , 
which is non-degenerate. Thus G preserves the proper complex subspace /(Lq 9 ) C C 1,ra+1 , 
which is also non-degenerate. This gives us a contradiction. 

(2) Suppose that 7r(T(G)) C SimE preserves a non-complex affine subspace L C E. By 
the same argument, G preserves the proper complex subspace (span c Lq) ±9 C C 1,n+1 , 
which is non-degenerate. Hence, span c Lq = E. This proves the theorem. □ 
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2.6 Proof of Theorem I2TT1 



1) First consider the case n = 0. There are four subalgebras of su(l, 1)< P1 , P2 > = A 1 k C\ 

A 1 x C, C, A 1 , {(c7, c) G A 1 K C|c G M}, where 7 G E, 7 / 0. 

The last subalgebra preserves the non-degenerate proper subspace spanjpi + P2 + 7^1 + 
7^2)2^2 — 79i — 792} C M 2,2 . The subalgebra .A 1 C su(l, 1) <P1iP2 > preserves the non- 
degenerate proper subspace Mpi © Wqi C IR 2,2 . 

We claim that the subalgebra C C su(l, 1) <P1jP2 > is weakly-irreducible. Indeed, suppose 
that C preserves a proper subspace L C M 2,2 . We may assume that dimL = 1 or dimL = 2 
(if dimL = 3, then we consider L L ). Let a\pi + 02^2 + Piqi + P2Q2 6 £ be a non-zero 
vector. Applying the element (0,1) G C, we get P1P2 — P2P1 G L. If dimL = 1, then 
Pi = P2 = and L = M(aipi + 02^2) • If dimL = 2, then L = spanjaipi + 02^2 + P1Q1 + 
/?292 ; /?iP2 — 02Pi}- In both cases L is degenerate. 

Thus the subalgebra C C 5u(l, l) <PliP2 > is weakly-irreducible. Hence the subalgebra 
su(l,l) 

<pi,P2> — A 1 x C is also weakly-irreducible. Part 1) of Theorem [2JJ is proved. 

2) Suppose that n > 1. Theorem 12.51 shows us that we must find all connected Lie 
subgroups F C Sim E that satisfy the conclusion of Theorem 12.51 Then for each subgroup 
F find all connected subgroups G C SU(l,n + l)< Pl , P2 > with 7r(r(G)) = F and check 
which of these groups act weakly-irreducibly on K 2 ' 2n + 2 . Since all groups are connected, 
we may do some steps in terms of their Lie algebras. 

Step 1. First we describe non-complex vector subspaces L C E with span c L = E. Let 
L C E be such a subspace and Lq = L n JL. Let L\ be the orthogonal complement to 
Lq in L. Obviously, Lo is a complex subspace and L\ n JLi = {0}. Since span c L = L, 
we see that span c L\ is the orthogonal complement to Lq in E. Thus Li is a real form 
of the complex vector space span c Li. We choose the above basis e%, e n , f\, f n in 
such a way that L = span ffi {ei, e m , ft, f m } and L x = span R {e m+ i, e n }, where 
m = dime Lq = dimjj L — n and < m < n. We have three cases: 

Case m = n. L = E is the whole space; 

Case m = 0. L = span K {ei, e n } is a real form of 

Case < m < n. L = span R {e x , e m , ft, f m } © span K {e m+ i, e n }. 

Step 2. Now we describe Lie algebras f of connected Lie subgroups F C SimL preserving 
L. Without loss of generality, we may assume that the Lie group F does not preserve any 



2G 



proper affine subspace of L, i.e. F acts irreducibly on L, hence F acts transitively on L 
(Theorem I2.2p . And we can describe all such groups and their Lie algebras. 

Case m = n. The Lie algebras corresponding to the transitive similarity transformation 
groups of type .A 1 and cp are 

f n ' B ' Al = [A 1 ©B) k i?, where B C u(n) is a subalgebra; 

p,e,¥> _ | x _|_ tp( x )\x G £>}) x E 1 , where : B — ► A 1 is a linear map with (p\gt = 0. 

Now consider the Lie algebras of type ip. Here we have an orthogonal decomposition 
E = W ® U. Let Wi = W n JW, U x = U n JCJ and let W 2 and I7 2 be the orthogonal 
complements to W\ and U\ in TV and f7, respectively. Obviously, W\ and C/i are complex 
subspaces of E, and W2 and t/2 are mutually orthogonal real forms of the complex vector 
space span c W2 = span c XJi- We obtain the orthogonal decomposition of E: E = Wi®Ui® 
W 2 ®U 2 . Let k = dim c W\ and I = dim c (W A i0?7i). We choose the basis ei, e n , fi, f n 
in such a way that 

Wi = span R {ei, e k , /1, f k }, U\ = span R {e fc+ i, e h f k+1 , ft} and 
W 2 = span R {e; + i, e n }. Then U 2 = JW 2 = span M {/ i+1 , /„}. 

The orthogonal part of a Lie algebra of type ip is contained in so(W) n u(n). Suppose 
A = ( ^ G 50(1^) n u(n), then with respect to the decomposition 



E = E 



l,...,k 



E 



fc+l,...,j 



E, 



l+l,...,n 



J l,...,k 



E 



k+l,...,l 



E, 



l+l,...,n 



the matrix A has the form 



/ 


Bl 








-Ci 





^ 












































Ci 








Bi 




























V 

















J 



Consequently, so(W) Pi u(n) 



u(Wi) = u(k). 

Thus the Lie algebras corresponding to transitively acting groups of type ip have the form 



f 



{x + $(x)\x e ^} x , + < . , + Ef +1 „), 



where 0</c</<n, B C u(k) and ip : B ^ E\ +l l + i^^j^ ; + Ef +1 n is a surjective 
linear map with = 0. 

Case m = 0. We have L = Lq = span ffi {ei, e n } = E . If a subgroup F C SimE 1 
preserves L, then i 7 is contained in (A 1 x SO{L) x S , 0(L- L ' 7 )) A. L.Ii F acts transitively 
on L, the we can describe the projection of F to (A 1 x SO(L)) X L, but the projection of 
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F to SO(L) x SO(L ±r i) is also contained in U(n). We have 

(ao(L)©so(L- L "))nu(n) = { ( |B G so(L)} = sol>(l, n). 

Hence, (50(L) x 50(L- L ")) n t/(ra) = 50£>(1, n), where SOD(l,...,n) is the connected 
Lie subgroup of U(n) corresponding to the Lie algebra sot)(l, ...,n). Thus the projection 
of F to (A 1 x SO(L)) X L gives us the full information about F. 

The Lie algebras corresponding to the transitive similarity transformation groups of type 
A 1 and ip have the form 

jO,B,A = ^41 ggjiK ^ w here S C soO(l, ...,n) is a subalgebra; 

f°' S 'V = {x + 99(x)|x G £?} kB 1 , where 99 : B — > .4 1 is a linear map with </?|g/ = 0. 

For a Lie algebra of type ip we have an orthogonal decomposition L = W © U. We choose 
the vectors e\, e n in such a way that W = span R {ei, e^} and U = span R {e£+i, e n }, 
where k = dimjR W. 

The Lie algebras corresponding to transitively acting groups of type ijj have the form 
where < k < n, B C soO(l, k) and tp : B — > E\ +l n is a surjective linear map with 

V'b' = 0. 

Case < m < n. In this case L = span c {ei, e m } © span R {e m +i, e n }. Hence, 
L ±v = span R {/ m+ i, /„}. Suppose that 

A= -g) € (so(L) ©so(L- L ")) nu(n), 

then with respect to the decomposition 

E l,...,m © ^m+l,...,n 



£ = 


4... 


,m © 


E L+i, 


..,n 


a 









-c\ 





\ 


the element ^4 has the form 





S 2 












Ci 





Si 









V 








s 2 


/ 



. Consequently, (so(L)©so(L- L "))nu(n) = 

U £>1 U 

\ B 2 J 

u(m) © so?)(m + 1, n). 

Thus, as in case m=0, the projection of an L-preserving subgroup F C Sim.E to SimL 
gives us the full information about F. 

The Lie algebras corresponding to the transitive similarity transformation groups of type 
.4 1 and ip have the form 
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r ,B,A' = (^i ® B ) K (£i m + E 2 m + J, where B C u(m) © sod(m + 1, .., n) 

is a subalgebra; 

r> B )¥ , = {x + ^ (x))x G H} K {E 1^ + E 2 ^ + ^ J, 

where ip : B — > .4 1 is a linear map with </?|,g/ = 0. 

Now consider the Lie algebras of type ip. We have an orthogonal decomposition L = W(BU. 
Let W\ = W n JW, C/i = f PI J?7, and let VF2 and t/2 be the orthogonal complements 
to W\ and \J\ in Vy and U, respectively. We see that W\ and U\ are complex subspaces 
of Lq = L n JL = span c {ei, e m }. For VF2 and f/2 we have W 2 n JW^ = {0} and 
U 2 H JC/2 = {0}. Denote by L\ the orthogonal complement to Lq in L and by L2 the 
orthogonal complement to W\®U\ in Lq. We get the following orthogonal decompositions: 
L = L © L 1 = Wi © Ui © W2 © ?/2, ^0 = Wi © Ui © L 2 and L x © L 2 = W 2 © U 2 . Let = 
dime Wi, I = dim<c(Wi © C/i) and r = dirriR VF2 + I. We see that 0<k<l<m<r<n. 
We choose the basis ei, e n , f\, /„ in such a way that 



Then 



Wi = span c {ei, ...,e fe },?7i = span c {e fc+ i, e/}, 
W 2 = span R {e m , e m } © span R {e m+ i, e r }. 

U 2 = span R {/ /+1 , f m } © span R {e r+ i, e n }. 



Suppose that A = £ (so(W) x 5o(L ± ^)) n u(n), then with respect to the decom- 

position 



E 



E l,..., k 



E L 



E k+i,...,l 
E k+i,...,i 



E l+l,...,m ' 
E l+l,...,m ' 



F 1 

m+l,...,r 

^m+l,...^ 



E l+l,...,rt 
E r+l,...,n 



the matrix A has the form 



( B1 














-Ci 











\ 







































































B 2 


















































Ci 














Bi 


































































































B 2 





V 


























J 


n u(n] 




u 


(k) ffisofl(m + 


1, 




r). 





Thus the Lie algebras corresponding to transitively acting groups of type ip have the form 

r ,B,^k,l,r = {x + Hx)lx g m} K {E l^ k + E 2^ + E l +i ^ m + E l m+l _ rh 
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where 0<k<l<m<r<n, B C u(k) © sod(m + 1, r) and 

ip ■ B -»• ^fc + i ) ... ) i + ^fc + i ) ...,j + -E? + i i ... >m + -Er+i > ...,n is a surjective linear map with %j,\ B , = 0. 
Step 3. Here for each subalgebra f C LA(Sim E) considered above we describe subalgebras 
a of the Lie algebra LA(Sim H n ) with 7r(a) = f. 

Case m > 0. Let f C LA(Sim.E) be a subalgebra as above with m > 0. We claim that 
if for a subalgebra o C LA(Sim"H n ) we have 7r(a) = f, then a = f x C, where C = ker-7r. 
Indeed, the projection ir : LA(SimW n ) — > LA(SimE') is surjective with the kernel C, 
consequently, if 7r(o) = f and o does not contain C, then a has the form {x + C( x )\ x G f} 
for some linear map £ : f — > C. Suppose that f 7= j™. 4 ^ then we choose zi,z 2 G f H E with 
Im 5 (zi, 22 ) / 0. This yields that [z 1 + Q{z 1 ),z 2 + Q{z 2 )\ = -2lmg( Zl ,z 2 ) G C. Iff = f m ' 4 '*, 
then we can choose z G f n E and x G 3(H) with lmg(z, ip(x)) 7^ 0, or xi,X2 G 3(H) with 
Img(ip(xi),'>p(x2) 7^ 0. For each subalgebra f C LA(SimE') considered above with m > 
we define the Lie subalgebra 

o m '* = f™* x C C LA(SimW n ). 

Case m=0. For each subalgebra f C LA(SimE') considered above with m = 0we have 
the following two possibilities: 

Subcase 1. Here we have a '* = f '* x C. 

Subcase 2. The Lie algebra a does not contain C. Hence has the form {x + ((x)\x 6 f} 
for some linear map £ : f — > C. For each f '* we will find all possible £. Since is a Lie 
algebra, we see that £ vanishes on the commutator f . 

Subcase 2.1. Consider f ' 6 - 41 = (A 1 © B) K E 1 , where £ C «o?»(l, ... , n) is a subalgebra. 
Since (f> l > B )' = E 1 + B', we obtain (\ E i +B , = 0. Let a G A 1 and x G 3(B). From 
[a + C(a),x + C( x )] = a C( x ) G C, it follows that Clj(B) = 0. Thus £ can be considered as a 
linear map £ : .4 1 — ► C. For any linear map ( : A 1 — > C we consider the Lie algebra 

a o,iM\C = (g { G + c(a) | a G ^41}) K 

Subcase 2.2. Consider f '^ with y> = 0, i.e. f°' B '° = Sk£ 1 , where B C sod(l, n) 
is a subalgebra. We have (f°' 2 > B y = B' + span{x(it)|x £ B,u £ E 1 }. Choose the vectors 
ei, ...,e n so that £^ 0+1 n is the subspace of E 11 annihilated by B and io is the or- 
thogonal complement to Ej Q+l n in E 1 . The Lie algebra B is compact, hence B is totally 
reducible and E\^ iQ is decomposed into an orthogonal sum of subspaces, on each of these 
subspaces B acts irreducibly. Thus, span{x(-u)|x G B, u G E 1 } = E\ • , and £ can be con- 
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sidered as a linear map ( : %(B) ® Ej Q+1 n — > C. For any linear map ( : B © Ej Q+1 n — > C 
with = we define the Lie algebra 

fl OA*=CMo,C = {x + C{x) \ x e B e tf£ +1> .„ >B } k A'i ,, 

Subcase 2.3. Consider f°> B >v> = {x + y(x)|a; G 23}) K E 1 , where B C so3(l, n) and 
: B — > A 1 is a non-zero linear map with <^|g/ = 0. As above, we can show that 
(jO,B,¥>y = £■! + Hence C is a map C : {^ + G 3(H)} -> C. Denote by the same 

letter £ the linear map ( : $(B) — > C defined by ((x) = ((x + <p(x)). Let x\,X2 G %{B) 
we have [x\ + </?(xi) + C(xi),x 2 + ^(x 2 ) + ((^2)] = V^iK^) - ^(a^CO^i) G C. Hence, 
(p(x\)((x2) = ip(x2)C{x\). In particular, if ip(x) = 0, then ((x) = 0. Hence, ker 99 C ker£. 
Conversely, if ker 93 C ker£, then ip(xi)((x2) = ip(x2)((x±) for all x\,X2 G l{B). 

Let io be as in Subcase 2.2. For any linear map £ : £>©£^ o+1 n — > C such that ker </? C ker £ 
and CI pi = we consider the Lie algebra 

» +l,...,n 



fl o,B,™>,< = {x + ^ (x) + C(x) | a . g g0 4 +li ..., n } x El 



Note that the Lie algebras a ' 8 '^'* '^ for ip = and 9? 7^ are defined in the same way. 
Subcase 2.4. As above, for the Lie algebra 

where < fc < n, B C soZ)(l, fc) and ip : B —>■ E\ +l n is a surjective linear map with 
V'Ib' = 0, we can prove that the map ( vanishes on B' + E\ iQ , where iq is as in Subcase 
2.2. For any linear map ( : B © Ej o+1 k — > C with = we consider the Lie algebra 

f O,B^,fc 1 io,C = {x + + C{x) \ x eB}(B{n + C(u)\u G ^+i,..., fc }) x 4..., J0 . 

Step 4. For each subalgebra a C LA(Sim7Y n ) constructed above consider the subalgebra 
r-^a) C su(l,n + l)< PllP2 >. Note that we have r (Af£ t J = E^, r (AT fe 2 . = 1% 
To^ 1 ) = -4 1 and ro(C) = C, where we consider A 1 and C as the subalgebras of su(l,n + 
l)<pi,p 2 > as wen as of LA(SimH n ). Let a m ' B C LA(Sim W„) be any subalgebra constructed 
above with the associated number < m < n and the associated subalgebra B C u(m) © 
soQ(m + 1, ..,n) = su(m) ©RJ m ©500(m + 1, ...,n). We have r| su ( n ) = id su(n ), where su(n) 
is considered as the subalgebras of su(l,n + 1)< P1 , P2 > and of LA(SimW„). Furthermore, 
since J m - fj n G su(n), we have T^(J m ) = T^(J m - fj n ) + ^\j n ) = J m - fj n + 
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= Jm- ^Jn + * (0,-^,0, ^£ n , 0,0,0) =J m - ^J. Let f, = pr^IvHa) = 
pr u(n) ro \B) C «u(m) M(J m - ^J n ). Thus, 

r 1 (B) = {(o, — tr c, 5, a, o, o, 0)1 ( g B c )g», 

For the Lie algebra a rn,t} '^' k,l,r with < m < n we have B C su(/c) ffiMJfc ©soc)(m + 1, ...,r), 
consequently, f) C su(k) © M(Jfc — ^r^Jn) © sot)(m + 1, ...,r). For the Lie algebra a n ' [, '^' k > 1 
we have £ C su(k) © RJ fc , hence, fj C su(k) © R(J fc - ^ J„). For the Lie algebra a '^'* 
we have B C soD(l, fc), hence f) C sof)(l, fc). We denote 1 ( a m ' B '*) by Q m > B >*. 

Thus we obtain a list of subalgebras of su(l,n + l)< Pl ,p 2 >- From proposition 12,11 and 
Theorem [23] it follows that this list contains all weakly- irreducible subalgebras of su(l, n + 
l) <PliP2> . Example 1 2 . 3 1 shows that this list contains also subalgebras of su(l,n+ 1) <P1;P2> 
that are not weakly-irreducible. Here we verify which of the subalgebras 1 (a) C su(l, n+ 
i)<pi,P2> are weakly-irreducible. 

The subalgebras of the form q" 1 ^^ 1 anc j where < m < n contain M l + C, hence 

these subalgebras are weakly-irreducible. 

Lemma 2.1. The subalgebras of the form q ^^^ ; g m > f )>V>,M,'- an g are wea kly_ 

irreducible. 

Proof. Let g be any of these subalgebras and suppose q preserves a proper vector subspace 
L C M 2 ' 2n+2 . As in Example 12 we can show that if (ai, a2, a, /?, fei, 62) £ ^> then we 
have — + ^iP2 G £ and + 62P2 G We suppose that L C Mpi © Rp2 © 
Let f = (01, 02, a, /3, 0, 0) G L. We assume a / 0. If the projection of a to If is non- 
trivial, then we denote this projection by w. Applying the element (0, 0, 0, 0, w, 0,0) G q 
to v, we obtain w t api + w t f3p2 G L. Consequently L is degenerate subspace. Suppose 
that the projections of a and /3 to VF are trivial and the projection of a to U is non- 
trivial, then there exists an element x G 3(f)) such that ip{x) = (0,0,0,0,^,0,0), where 
u G U is equal to this projection. The element x G 3(f)) has the form x% + fx(Jk — 
^2 J„), where X\ G su(k) © S00(m + 1, r) (resp. xi G su(k) and xi G 500(1, k)) for 
the Lie algebra g m MAl,r ( reS p. gOA,f,k an j gn,fj,i/>,fc,J^ ^ = or 1 for the Lie algebras 
gn,\),ii>,k,l,r anc j n, anci ^ = q for the Lie algebra Q°^> k . Consider the element 

X = (0,-^,B 1 ,C 1 + n(J h - ^ Jn), u, 0, 0, 0) G 0, where ( g "g 1 ) = n. Applying the 
element X to v we get 

^ = (^«2 + u'a, -^a 2 + u% ^(3, 0, 0) G L, X 2 v = 

(-^ai +«'/*) + "^(^«2 + ««a) - ^a, -(^) 2 a, -(^) 2 A 0, 0) G 
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L. Hence if ft = 1, then v + (^) 2 X 2 v = (2^u*/3, 2^u*a, 0, 0, 0, 0) € L. If /x = 0, then 
It) = (ti*a,«*)9,0,0,0,0) G L. 

Thus the subspace L C E 2 ' 2ra+2 is degenerate and the lemma is proved. □ 

We are left now with the Lie algebras of the form g '^ 1 ,^ gO,f),wo,C anc i gO,f),v>,fc,io,<_ 



Lemma 2.2. T/ie subalgebra g '^ 1 ^ c su(l,n + 1)< P1 , P2 > is not weakly-irreducible. 



Proof. The Lie algebra g ^^ 1 ^ preserves the non-degenerate proper vector subspace 
span R {pi +p 2 , ei + /i, e n + /„, g x - §p 2 + 92 + C M 2 ' 2n+2 . □ 



Lemma 2.3. T/ie subalgebra g >^>w°>C c su(l,n + l)< Pl ,p 2 > ^ s weakly-irreducible if and 
only i/CI 3 (f,) / and = 0. 



Proof. If 99 / 0, then g°>&>v> l °>C preserves the non-degenerate proper vector subspace 
span K {pi + pa, ei + /1, e n + / n , gi - ^yp 2 + g 2 + ^yPi} C M 2 ' 2n+2 , where A G 3(h) 
is a non-zero element that is orthogonal to keri^. 

Now assume that ip = 0. Suppose that Clj(lj) =0. If C = 0, then g°>f>>¥>> l o>< preserves the 
non-degenerate vector subspaces span R {pi + p 2 , e± + fi, e n + f n , q± + g 2 } C R 2 > 2n+2 and 
span R {pi — P2, e\ — /1, e n — f n , q\ — g 2 } C M 2 ' 2n+2 . If £ 7^ 0, then we choose the vectors 
e io+ i,...,e n so that Clspan{e io+ i,...,e„_i} = 0- Tli en g°> 2 >t>> l o>C preserves the non-degenerate 
vector subspace span R {pi + p 2 , ei + /1, e n + f n , qi + q 2 - 2C,(e n )e n ] C R 2,2n+2 . 

Suppose that / 0. Let ^ = (f s) G sCfO w ^ CO^) / 0- Since i? G so(n), we 

\ 



/ « -Ai 
' A x 



can choose the basis e±, e n so that B has the form 



-A s 
A s 



V 



, where 



/ 



2s < io and Aj 7^ 0. 

Suppose that g > 2 >f>> l o>C preserves a proper vector subspace L C M 2,2n+2 . Let v = (a±, a 2 , a, /3, 61, 6 2 ) G 
L and X = x + C(z) G o >fcv><o,C. We have 
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( ~C(x)b2 \ 

C(x)6i 

— Ai«2 

Xiai 

— A s « 3 
A s a s -l 




-Ai/? 2 
Ai/9i 

-A S /3 S 
\sPs—l 








e L, X 3 V : 






Af(-Ai« 2 ) 
Af(Aiai) 

A2(-A s a s ) 
As(A s o s _i) 




A?(-A 1( 3 2 ) 
A?(Ai/3i) 

A^(-A S /3 S ) 
A?(A S /3 S _!) 




6 L, 



X 2s+1 v 






A? s (-A lQ2 ) 
A? s (Aiai) 

A^(-A s a 3 ) 
A^(A s a s _i) 




A^-Aift,) 
A? s (Ai/3i) 

A? S (-A S /3 S ) 
A^(A s /3 3 _i) 




The vector — C( x )°2Pi + C( x )^iP2 can by decomposed into a combination of the vectors 
Xv, X s v,...,X 2s+1 v £ L, hence —b2P\ + 6 £• The end of the proof of the lemma is 
as in Example 12.11 □ 

Lemma 2.4. The subalgebra g >W:Mo,C q su(l,n+ 1)< P1 P2 > is weakly-irreducible if and 
only if C| 3(1,) + 0. 

The proof is similar to the proofs of Lemma 12,11 and 12.31 □ 

Now for the Lie algebra g°>W> fe '*o>C we assume that Clj(t)) 7^ 0. Obviously, this Lie algebra 
has the form g ' 1 ^ > fc >*o>£ ? where C'Ie 1 = 0- We will denote this Lie algebra by 

ig + l,...,k' 

O,W,fc,C'_ Consider the Lie algebra g°.^,<o.C suc h that CI4 +1 n / °> Cl a (&) / and 
ip = 0. Obviously, this is the Lie algebra of the form g^W^C, Thus we may restrict our 
attention to the Lie algebras g '^'^ such that (\ E i = 0, ClsChl 7^ an d ¥> = 0. We 

denote such Lie algebra by g 0,f >^. 

The theorem is proved. □ 
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3 Classification of the holonomy algebras and constructions 
of metrics 

In this part we give the classification of the holonomy algebras of pseudo-Kahlerian man- 
ifolds of index 2. For each weakly-irreducible not irreducible holonomy algebra g we 
construct a polynomial metric with the holonomy algebra q. The results are stated in 
Section 13.11 In the other two sections we give the proofs of the theorems. 



3.1 Main results 



In the following theorem we give the classification of the weakly-irreducible not irreducible 
holonomy algebras of pseudo-Kahlerian manifolds of index 2. We use the denotation from 
Section 12.11 

Theorem 3.1. 1) A subalgebra q C u(1, 1) is the weakly-irreducible not irreducible holon- 
omy algebra of a pseudo-Kahlerian manifold of signature (2,2) if and only if q is conjugated 
to one of the following subalgebras of u(l, l)<pi,p 2 > •' 



f><4= 



u(l,l) 



<Pl,P2>> 



/ 


ai 


-a 2 








\ 




a 2 


Ol 


















-ai 


-02 




V 








0.1 


— ai 


/ 



ai , ai S " 



f)0C=0 2 ={(«7i,a72,0)|aGM}KC 



/ 


oil 


-a72 





— c 


\ 




072 


071 


c 















-071 


—072 




V 








«72 


-171 


/ 



a, c £ . 



> , where 71 , 72 G 



2) Ze£ n > 1. T/ien a subalgebra q C u(l,n + l) is the weakly-irreducible not irreducible 
holonomy algebra of a pseudo-Kahlerian manifold of signature (2, In + 2) if and only if q 
is conjugated to one of the following subalgebras ofu(l,n + 1] 



fjof 



m,u,.4\.4 2 



(.4 1 e A 2 e u) x (AT 1 + A/i r .. )m + C) 



/ 


ai 


-ai 


-A 


_./t 
2 1 


-z* 
2 2 







a 2 


a\ 


4 





-2* 


..It 

z l 










B 





-c* 






















—a 2 E n - 










c 





« 
















O-lEn — m 




























V 





















Zl 

22 


-ai 

"2 



<Pl,P2>- 



-C \ 



-22 




-«2 

-ai y 



ai, ai,c £ R, 

21,22 e M m , 
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where < m < n and u C u(m) is a subalgebra; 
¥r , u ,A\4> = {( ai ,<f>(B, C), B, C, 0, 0, 0) + <f>(B, C)J m+1 _ n \ ai GR,(«f) eu}x (M 1 + 



Ae+i,...,n+c) 



ai 


-HA) 


z l 


~ z l 


-z* 
z 2 








— c 


4>{A) 


ai 


z* 
z 2 





-z* 
z l 


z i 


c 











B 





-c 







-22 

















-<f>(A)E n - m 


*i 











C 





B 





22 













4>{A)E n - m 











A 




















-ai 


-0(A) 




















0(A) 


-ai 


o < 


m < n, 


u C 


u(m) is a 


subalgebra and 4 


: u — 


> R is 



u' 



0; 



^ or ,w = {(99(5, C),<f>(B, C),B, C, 0, 0, 0) +0(B,C)J ro+ i, 



oi,c6E, 
21,22 e R m , 
4 g I""" 1 , 
A = 



is a linear map with 



A^+l,...,n+C) 



) G u} x (AA 1 + 





-HA) 


z l 


- z l 


-z< 
z 2 








-c \ 


HA) 


HA) 


z l 

z 1 





z l 


_ It 
z l 


c 











B 





-c 





21 


-22 

















-<t>(A)E n - m 


*i 











c 





B 





22 


21 











0(A)£„_ m 











A 






















-HA) 


V 

















0(A) 


-HA) J 



where < m < n, u C u(m) is a subalgebra and (p, (f> : u 
¥>|u' = 0lu' = 0; 



f)or ,u,^ = {(^( B ,C),a 2 ,B,C, 0,0,0) + o 2 J m+ i, 

'm+l,...,7i 



«2 e 



c e R, 

21,22 e R m , 

A = 
(?- S C )6« 



A/^-n „ + C) 



are linear maps with 



B -C 
C B 



) £ U} X (M 1 + 







( HA) 


-0.2 


-z* 

z l 


z l 


-z* 
z 2 








-c \ 








f{A) 


z* 
2 2 





Z l 


z i 


c 















B 





-c 





Zl 


-22 


= • 



















-a2-En- 


m ^1 















C 





B 





22 


21 















0,2En — m 











A 
























-HA) 


-02 






V 

















(12 


-vW / 


where < m 


< n, 


u C 


u(m) is 


a subalgebra 


and f : u 


-> R is 



02, c e R, 

21,22 e R m , 

A = 



is a linear map with 



¥>|u' = 0; 
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^ r ,u,A = ({( 0l) Aai, 0,0, 0,0,0) +AoiJ m+ i,..., n |oi G 



/ 


a l 




-2* 


~ z l 


-2* 

z 2 


o 




Aai 


ai 


z 2 





-2* 
Z l 


_/< 
z l 










B 





-c 






















—XaiE n 










C* 





















Aai E n — m 




























V 





















\ 





c 
zi 

A 

22 


— oi 
Aai 



— c 


-22 

21 
*i 

-Aai 



-ai / 



ai,c e K, 

21,22 e R m , 

2 / g K n-m ! 



where < m < n, u C u(m) z's a subalgebra and A £ 1, A / 0; 



fjot 



n,u,tfi,k,l 



{(0,0,B,C,MB,C),MB,C) + MB,C),0)\ Gu} 



/ o 





-2* 


-M^Y 


-*? 


-4 


-MAY 


-MAY 





— c 


\ 










2* 

22 


V>2(A)' 


V> 3 (A)* 


-A 


-MAY 


-z" 


c 















B 








-c 








21 


-2 2 




eel, 


























Vi(A) 


-MA) 




21,22 e K 


























A 


-MA) 




z[ e K n ~ 








c 








B 







22 


21 




A = 


























V> 2 (A) 


Vi(A) 




IB -C\ 
\C B 1 


























V>s(A) 


4 




e u 




































V o 





























/ 





where < k < I < n, uC u(/c) is a subalgebra such that dim 3(11) > n + Z — 2fc, 
■0 : u — > E\ +l l © ; © Ef +1 n is a surjective linear map with ip\ u > = 0, 

^i=pr B i ii r o^), ■0 2 = pr B 2 i _ 0^; and ip 3 = pr £ 2 _ 



fjof 



m,u,ip,k,l,r 



{(0, 0, 5, C, ^ (£, C) + MB, C), ^(B, C) + MB, C), 0)| ( * ~§) G u} 





/ 



-4 


-Vl(A)' 


7" 
z l 




-y>4(A) J 


-4 


-V>2(A)* 


-may 















4 


MA) 1 


MM 








-4 




-4 l 


Jit 
z l 


-MAY 


c 










B 














-c 
















-22 


































V>i(A) 


-*2(A) 

4 







































-MA) 





































4' 








































MA) 










c 














B 














Z2 


21 





































MA) 


v-i(a) 





































MA) 


4 








































4 








































MA) 




loo 

x 



































00 






































c e R, 

1,22 G M fc 

■I g jRr-m 

A = 

(B-C\ 
\C B I 

e u 



where 0<k<l<m<r<n, 0<m<n, uC u(/c) z's a subalgebra such that 
dimjfu) > (n + m + / — 2k — r), ip : u 



E k+i,...,l 



rp2 



J?2 



E r+l,...,n 



is a surjective linear map with ip\ u > = 0, ipi = pr E i oip, 1P2 = pr S 2 oip, 

k -\- 1 , . . . . / k -\- 1 , . . . . / 

V>3 = pr E p and V>4 = pr £ i oijj. 

i+l,...,m r+l,...,n 
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We see that to each weakly-irreducible not irreducible holonomy algebras hoi C u(l,n + 

1) <Rpi,Rp 2 > an integer < m < n and a subalgebra u = pr u ( m ) hot C u(m) are associated. 

Recall that a pseudo-Kahlerian manifold is called special pseudo-Kahlerian if its Ricci 
tensor is zero. This is equivalent to the inclusion hoi.,, C su(T x M, g x , J!}f). 

Corollary 3.1. 1) A subalgebra q C su(1, 1) is the weakly-irreducible not irreducible holon- 
omy algebra of a special pseudo-Kahlerian manifold of signature (2,2) if and only if q is 
conjugated to the subalgebra C C su(l, l)<pi,p 2 > or to su(l, l)< Pl ,p 2 >- 

2) Let n > 1. Then a subalgebra q C su(l,n + 1) is the weakly-irreducible not irreducible 
holonomy algebra of a special pseudo-Kahlerian manifold of signature (2, 2n + 2) if and 
only if q is conjugated to one of the following subalgebras o/su(l,n + l)< pi ,p 2 >- 

hor-"'- 41 '*, ho[ m ' u '^ with 4>{B,C) = -^+2 trC; 

Now we construct an example of metric with the holonomy algebra hoi for each Lie algebra 
from Theorem 13. II 

Let < m < n and u C u(m) be a subalgebra. Denote by L C E the vector subspace 
annihilated by u. We can choose the basis e\, e n , fx, f n in such a way that L = 
span{e no+ i, e n , f m +ii •••> fn}, where dimL = 2{n — no). Then u C u(no) and u does not 
annihilate any proper subspace of E\^.^ no . Let us consider a basis A\ = ( ^ ~ B 1 ) ,...,An = 
( Cn ~B N ) °^ ^ ne vec t° r space u such that A\, A^ is a basis of the vector space u' and 
An 1+ i, An is a basis of the vector space 3(11) (N = dimu, Ni = dimu'). We denote 
by (-BQj)™° =1 and (C^-)^- =1 the elements of the matrices B a and C a , respectively, where 
a = 1,...,N. 

Let x 1 , ...,x 2n+4 be the standard coordinates on M 2n+4 . Consider the following metric on 

R 2n+4. 

2n+2 2n+2 

g = 2dx 1 dx 2n+3 + 2dx 2 dx 2n+A + (dx*) 2 + 2 u l dx l dx 2n ^ 

i=3 i=3 

+ h ■ (dx 2n+3 ) 2 + f 2 ■ (dx 2n+A ) 2 + 2f 3 dx 2n+3 dx 2n+ \ (1) 

where u 3 ,...,u 2n+2 , /1, /2 and /3 are some functions which depend on the holonomy algebra 
that we wish to obtain. 

For the linear maps ^^(J) '• u — > M we define the numbers tp a — tp(A a ) and (p a — 0(.A Q ), 
a = Ni + 1, N. For the linear map tpi : u —>■ E\ +1 t we define the numbers ipiai such 
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that ipi(A a ) = Yli=k+i ^lai^i, a = Ni + 1,...,N. We define analogous numbers for the 
linear maps ip2, ^3 and ip^. 

Define the following functions 



a=l '' \i,j=l 

no / / N n \ 

/ 2 ° =/i° + E E h E (^' +2 - ^ n+J+2 ) (* 2n+3 ) a + 

i=i y y Q =i • j=i J 

(e ^ E (^- n+J+2 + c^ +2 ) (* 2 " +3 r) j , 

/ 3 ° =o. 



For the maps 92 and define the functions 



N , N 



a=Ni+l ' 0=^+1 



(x 2n+3 )a -l ( 2 



a=iVi+l v 7 \ i=m+l 



i+2\2 



N (J2n+Z\a-1 / 9 n 

a=JVi+l V 7 \ i=m+l 



f„,2n+3\2 n \ 

+ i^n^ E (K +2 ) 2 +^" +i+2 ) 2 )). 

^ ; i=m+l / 

^— ' (a — 1)! \ a ^— ' / 

a=2Vi+l v y \ i=m+l / 



39 



For K = N + 1, N + 2 we define the functions 



A 2 ,K _ ! (Jln+Z\K-l ( 2 _i_2rt+3 , ( x i + 2 ) 2 



fA ,K _ ± ( 2n+3\K-l * „lJ2n+3 , 

h ~{K-l)\ [X > \K XX ! - 

cA 2 ,K 1 /2n+3\K-l ( 2 



ft * = w ^M 2n+?, ) K - 1 ^ 2n+3 + E ( 



i=m+l 
m+l 



+rnr E «^ +2 ) 2 + ^ n+l+2 ) 2 ) 
(« + i)« J= t^ 1 



^■4 2 ,JtT _ 1 fJ2n+3\K-l ( 2 2 2n+3 , „.i+2„,n+i+2 

/s "(K-l)!^ > { K XX + 



x x 

i=m+l 



For any numbers 1 < mi < m,2 < n consider the functions 



fm 2 _ ST^ ( 2 _ 2 \ ?m 2 _ _ fm 2 fm 2 _ o i+2 ra+i+2 

Jlmi — 2-^1 V X «+2 x n+i+2^ J2mi _ JlmV J3mi _ z ^ x x 



For any numbers < m\ < ni2 < n and K > N + 1 consider the functions 



TO 2 



eKm-i _ _ \ * f n+i+2f 2n+3\K+i-mi fKm? _ _ iKm? 

Jinn - (K + i-mi)\ ' 1 ~~ 1 ' 

!=mi 

f^mj _ f i+2/ 2n+3\K+i-mi 



i=m\ 



For the Lie algebra \jol n ' n '^' k ' 1 we consider the functions 



N / 1+2 1+2 n+2 \ 

^ = E ^ E ^* n+ * - E ^ - E ***** (^ 2n+3 ) a ' 

a=JVi+l ' \i=k+3 i=k+3 i=l+3 / 

rn,ip fn,ip 

J 2 — ~ J I > 



N / 1+2 1+2 n+2 \ 

: E ^ - E - E v^ n+ * - J2 ^x n+i (x 2n + 3 r. 

a=Ni+l ' V i=fc+3 i=fc+3 i=«+3 / 
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For the Lie algebra ^ol m,u '^' k,l,r we define the functions 

N / 1+2 n+2 

f n^ = ^2 ± lj2 ^* n+l + E ^x n+i 

a=Ni+l ' \i=k+3 i=r+3 



1+2 rn+2 \ 

- E ~ E ^oi^* ] 

j=fc+3 i=Z+3 / 



=fc+3 i=l+3 

rm,^ f'm,'4> 

J2 — ~ J I > 

JV / 1+2 n+2 

^ = E ^ - E vwr* - E ^ 

a=JVi+l ' \ j=fc+3 i=r+3 



Z+2 m+2 

E ^x n+i - J2 ^x n+t ) (. 

•;=fe+3 j=/+3 



x 2n+3 ) Q . 



Define the functions u 3 ,...,u no+2 , u n+3 ,...,w ra+no+2 as follows: 

:V +2 -C^V^' +2 ) | (x 2 " . 



u = 

a 



u n+i 



N /no 

a=i a - \j=l 
N / no \ 

E ^ E(^ v+J+2 + ^ v+2 ) (* 2 «+ 3 r, 

a=l • \j=l / 



where 3 < % < uq + 2. 

For the Lie algebras fjoP™'"'- 41 '- 42 and f)o[ m ' u ' v " 42 we set in addition 

_ _ 1 n+i/ 2n+3\AT+2 

" (iV + 2)! X 1 j ' 

n+i _ 1 i/ 2n+3\JV+2 

U "(7V + 2)! lX > ' 

where m + 3<i<2n + 2. 

For the Lie algebras fjor^ 1 -* and fjor-"'^ we set 

2n+3\a 



a=l 

where m + 3 < i < 2n + 2. 
For the Lie algebra f)ol m ' u ' A we set 



«* = - E -^x n+ %. 

^— ' a! 

a=l 
^ 1 

u n+i =7"— Q z i (a; 2n+3 ) a , 
^— ' a! 



,.i _ _ A n+i/ 2n+3\JV+l 

« " (N + 1)\ AX [X ' ' 

.n+i _ 1 \_i/-„2n+3\Ar+l 

" "(iV + l)! AXiX j ' 
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where m + 3 < i < 2n + 2. 

We assume that the functions u l that were not defined now are zero. 

If we choose the functions fi, / 2 and /3 such that /i(0) = ./ 2 (0) = /3(C)) = 0, then for the 
metric g given by ([T]) we have go = V and we can identify the tangent space to M? n+ at 
with the vector space M 2,2n+2 . 

Note that if n = 0, then 

g = 2dx 1 dx 3 + 2dx 2 dx 4 + /i • (dx 3 ) 2 + f 2 ■ (dx 4 ) 2 + 2/ 3 dx 3 dx 4 . 

Theorem 3.2. Let f)o[ be the holonomy algebra of the metric g at the point G M 2n+4 . 
1) Lei n = 0, i/ien f)o[ depends on the functions f\, fi and f 3 as in Table EQ1 



Table 3.1. Dependence of f)o[ on iae functions f\, fi and for n = 



/i, (* = 1,2,3) 


JjoIq 


/i = -2x 2 x 3 - x^x 3 ) 2 , h = -h, h = 2x 1 x 3 - x 2 (x 3 ) 2 




h = (x 1 ) 2 - (x 2 ) 2 , h = -h, h = 2xV 




fx = -27ix 2 x 3 - 27 2 x 1 x 3 ; h = ~fi> h = 27ix 1 x 3 - 27 2 x 2 x 3 


«=? 


fi = (x 4 )\ /2 = /3 = 


hr-rTl =0,72=0 

9 ol n =0 



2) Lei n > 0, i/ien f)o[ depends on the functions f\, / 2 and /3 as in Table EQ1 



Table 3.2. Dependence of f)o[ on iae functions f\, / 2 and /3 /or n > 



/i, = 1,2,3) 


Wo 


f _ f -4\iV+l , f A 2 ,N+2 , o , ? m , f n 
Ji — Ji > Ji ' Ji ' Jin +1 ' Jim+1 


^ 0[ m,u,A\A? 


f _ fA 1 ,N+l , f (j> , f o , fm _i_ f N+2 n 
Ji — Ji > Ji > Ji ' Ji rio+1 ' Jim+1 


foyn,u,A x ,<j> 


f — fV i fA 2 ,N+l , f o , f m , n 
Ji — Ji > Ji * Ji ' Ji no+l ' Jim+1 


fy [m,u,ip,A 2 


t _ f </> i f i f i f m , fiV+2 ?i £2V+1 71 
■/« Ji 'Ji ' Ji ' J in +l ' J im+1 Jim+1 


u frn,u,<p,(j> 


f jv^.JV+I , x f -4 2 ,AT+l , f o , ? m | fiV+2 n 

Ji — Ji ~T~ A Ji ~i~ Ji ' J i no+l ' Jim+1 


f)0[ m ' u ' A 


f _ fO . ffe i f™^ i fW+ln 

Ji — Ji ' J ifiQ + l ' J i > Jil+1 


^ o[ n,u,^,k,l (ifdim}(u)>n + l-2k) 


f _ f . f k _i_ fTW,^i _| fN+lr 
Jt — Ji 1~ Jin +1 J i "T Jil+1 


^Q[m,u,ip,k,l,r 

( if dim 3 (u) > n + m + I — 2k — r) 
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3.2 Proof of Theorem I3TT1 



In this section we will prove that the Lie algebras of Theorem 13.11 exhaust all weakly- 
irreducible Berger subalgebras of u(l,n + l)< Pl , P2 >) i- e - an candidates for the holonomy 
algebras. The rest of the proof of Theorem 13.11 will follow from Theorem 13.21 

Now we will describe the spaces of curvature tensors TZ(q) for subalgebras g C u(l,n + 
i)<pi,P2>- We will use the following obvious fact. Let fi C f2 C so(r,s), then 

R e n(h) if and only if J* € 72.(f 2 ) and R(W' S A W' s ) C fi. (2) 
First we will describe the space 1Z(q u ) for the Lie algebra 

\ 





Ol 


-a 2 


-x f 





— c 




02 


Ol 


-y* 


c 













A 


X 


y 













-CJl 


-o 2 













az 


-ai 



ai,a2,c 6 1, 
X,Y G M 2 ' 1 , 



> C so(2,2n + 2)< P1 , P2> . 



Here u C u(n) is a subalgebra and so(2, 2ra + 2) <Pl>P2> is the subalgebra of so(2, 2ra + 2) 
that preserves the isotropic plane Mpi © Mp2- 

Using the form r], we identify so (2, 2n + 2) with the space 

R 2,2n+2 A R 2,2n+2 = gpan { n /\ v = u ® v - v ® u \ u , v G R 2 ' 2 ™ +2 }. 

The identification is given by the formula 

(u A v)w = r](u, w)v — T](v, w)u for all u,v,w S M 2,2n+2 . 

Similarly, we identify so(n) with E A E C IR 2 ' 2n+2 A IR 2 ' 2?1+2 . It is easy to see that the 
element 





ai 


-"2 


-X* 





— c 






«2 


"i 


-Y* 
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.V 


y 















-ai 


-0.2 




V 











ai 


-ai 


J 



corresponds to 

-ai(piAgi+p 2 Ag 2 ) + a2(piAg2-^2Agi) + A+piAX+p2Ay + cpiAp2 6 M 2 ' 2n+2 AM 2 ' 2n+2 . 
Thus we obtain the following decomposition of g u : 
g u = (M(p! Agi+^2 Ag 2 )eM(pi Ag 2 -P2 Agi)©u) X (p x A £ + p 2 A £ + Rp 1 A p 2 )- (3) 
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By analogy, we have 

u(l, n + 1)< P1 , P2 > = (M(pi A ft + p 2 A ft) © E(pi A ft - p 2 A ft) u(n)) 

x({pi A x + p 2 A Jx|x G E 11 } + {pi A Jx - p 2 A x|x G E 1 } + Epi Ap 2 ). 

The decomposition ]R 2 ' 2n + 2 = Mp x + ]Rp 2 + i£ Kft + Eft gives us the decomposition 

R 2,2n+2 AR 2,2n+2 _ R ^ a^+j^ Aft )+E(p x Aft-p 2 Aft)+E(pi Aft-p 2 Aft)+E(pi Aft+p 2 Aft) 
+ £ , A£ + piA.E+p 2 A.E + ftA.E + ftA£ , + Epi A p 2 + Eft A ft. (4) 

The metric rj defines the metric rj A rj on R 2 > 2n + 2 a E 2 ' 2n+2 . Let R G 7£(g u ). It can be 
proved that 

i] A T](R(u Av),zAw) = rj A r/(i?(z A iu), it A v) for all u, v,z,w e E 2 ' 2n+2 . (5) 

This shows that R : E 2 - 2n+2 AE 2 ' 2n+2 -> g u C E 2 ' 2n+2 AE 2 ' 2n+2 is a symmetric linear map. 
Hence i? is zero on the orthogonal complement to g u in M 2 > 2n + 2 A E 2 ' 2n+2 . In particular, 

-R|R(piAqi-p2Ag 2 )+K(piA(?2+P2Agi)+]RpiAp2+PiA£;+P2A£; = 0. (6) 

Thus R can be considered as the linear map 

R : R(pi A ft + p 2 A ft) + E(pi A q 2 - p 2 A ft) + E A £ + ft A £ + ft A E + Eft A q 2 

-> g u = (R(pi A ft + p 2 A ft) E(pi A ft - p 2 A ft) © u) x (pi A £ + p 2 A £ + Epi A p 2 ). 

Consider the following set of subsets of E 2 ' 2n+2 A E 2 ' 2n+2 , 

T = {E(pi A ft + p 2 A ft), E(pi A ft — p 2 A ft), u,pi A E,p 2 A Ep a A p 2 }. 

For any F G J 7 we set 

R F = pi F oR: R 2 < 2n + 2 a R 2 ' 2n + 2 F, 
where pr F is the projection with respect to the decomposition §3§. Obviously, 

R= Rf- 

F&T 

Note that from © it follows that R(p\ A ft) = R(p 2 A ft) and R(p\ A ft) = -R{p 2 A ft). 
Using the Bianchi identity, (|5|) and ([6]), it is easy to show that R can be found from 
Table 3.2.1 on page 03 where on the position (u A v, T) stays the value Rp(u A v). 
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In Table 3.2.1 we have x,y G E, Ai,...,A 5 G E, K X ,K 2 ,L 1 ,L 2 G Hom(R, E),R U G ft(u), 

J r](P(u)v, w) + r]{P(v)w, u) + r)(P(w)u, v) = 

"l, "2 G ^(u) = < P G Hom(£,u) 

for all u,v,w *E E 

T\,T 2 G Hom(S,S), Tj* = Ti, T| = T2 and S" G Hom(E, E) is a linear map such that 
S - S* G u. 

It is easy to show that for any elements as above the linear map R G Hom(R 2,2n+2 A 
M 2 ' 2n+2 ,S U ) defined by Table 3.2.1 and © satisfies R G H(q u ). 

For any < m < n and u C u(m) © sot)(m + 1, n) consider the subalgebra 
g m,u = ( R ( pi A qi + p2 A e M ( pi A ^2 — P2 A gi + J m +i,...,„) © u) 

x({pi A x + p 2 A Jx|x G E 1 } + {pi A Jx - p 2 A x|x G i^i ... m } + %>i Ap 2 ) 
C u(l,n+ 1)< P1 , P2 >. 

For the u(n)-projection of the Lie algebra g m,u we have pr u ( n ) g m ' u = uffiMJ m+ i v .. jn . Let us 
consider a curvature tensor R G 1Z(Q m ' u ). Since Q m,u C g u ® KJ ™-+i.-n ) to decompose R we 
can use © and Table 3.2.1. For K x G Hom(M, E) let ifj = pr £ i oK\ and iff = pr^ oifj. 
Then ^ = K{ + K\. For S G Hom(£, £?) let 

S 11 = Pt e ioS\ e i, S 12 = pr E i oS\ E 2, S 21 = pv E 2 oS\ E i, S 22 = pv E 2oS\ E 2 

and extend these linear maps to E mapping the natural complement to zero. We get the 
decomposition S = S u + S 12 + S 21 + S 22 . For P 1 G V{u) let Q l = P* G Hom(u,£), 
Qi = P t e 1 °Qi an d Qi = V t e 2 °Qi- Consequently, Qi = Q\ + Q\- Consider the anal- 
ogous decompositions for the elements K 2 ,Li,L 2 G Hom(R, E), Q 2 = P 2 G Hom(u,E), 
T\,T 2 ,S* G Hom(S, £)■ Using the condition R(R 2 > 2n+2 A R 2 > 2 ™+ 2 ) c g m ' u , we obtain 

K 2 = JKl, K\ = JKl Kl(l)eE{_ m , K 2 (l)eE 2 _ m (7) 

Ql = JQ\, Ql = JQl e E i,..., m ( 8 ) 
if 1 = -JS 21 , if 1 = -JS 11 , 

5' 21 (-Ef,...,m) C ^l,...,mi S 21 (EL, +1 ^ n ) C -Em+l,...,n; (9) 

TP = -JS 22 , T 22 = -JS 12 , S 22 (E)cE 2 _ m , (10) 

T 2 n = JS* 21 , r 21 = JS* 11 , S* 21 (£) c El m , (11) 

T 2 12 = JS* 22 , r 22 = J5* 12 , S* 22 (E) C E 2 im , (12) 

L 2 = JLi, Li = JL 2 , L 2 (l) G E 2 ». (13) 
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From ©, ([TO]), (dH), (H2J), and the fact that T{ = T x and T 2 * = T 2 it follows that 

(5 22 )* = js u j, (s 12 y = js 12 j, (s 21 y = js 21 j, 

S U (E 1 ) c m , S 12 (E 2 ) C E 1>m . S 2l (E\ ^ Tl ) c E\^ m . 
Since pr R (p lAg2 _p 2Agi) -R(ft A ft) = A 3 (pi A 92 - P2 A ft), we see that S 21 ^!^ ^ = 

m + 1,. .. ,n 

Using dSD, we get Q 2 = JQi, i.e. P 2 * = JPj\ Hence, P 2 = PyJ*. Thus, P 2 = -Pi J. 

Since P r R( pl A(?2-P2Agi) R(EAE) = {0}, from Table 3.2.1 it follows that pr u / n ) R(EAE) C u. 
It is well known that from the inclusion u C u(m) ffiso3(m + 1, n) it follows that 7£(u) = 
lZ(u n u(m)) © 7£(u n sod(m + 1, n)). Moreover, lZ(sod(m + 1, n)) = {0}. Therefore, 
pr u /^ R(E ABjCufl u(m). Thus for Rq = pr u(n ) oi?|g A£ we get Ro G 7£(u n u(m)). 

Similarly, since pr R (p 1 A< ?2 -p 2 A gi ) R (Qi aE i,. ..,m) = {°}> we see that P r u(n) P(ft AP) C u. In 
[TT] it was proved that 

•p(u) = P(unu(ro)) eV(ur\sod(m + l,...,n)) and P(soc)(m + 1, n)) = {0}. 

Thus, Pi G P(unu(m)). 
From ([5j) it follows that 

^lM(piAgi-p2Ag2)+R(piAga4l>2Agi)+RpiAp2+^ = 0' (14) 

jR l9lA^ +1 ,... i , l +g2A^ +li ... i , l +piA£;+P2A£; = °" ( 15 ) 

In particular, R(q 2 A Jx) = R(qi A x) for all x G E , and P(ft A Jx) = R(q 2 A x) for all 
x G Ei,...,m- 

We set the following denotation: iVi = Kh N 2 = JKh M x = We 1 oL b M 2 = ~JL\, 

1 , . . . , m 

-^3 = Wf 1 °R]i P = Pii S 21 = P r F 2 o^lpi . Now the curvature tensor 

m + 1,. ..,n l,...,m l,...,m 

P G lZ(g m ' u ) can be found as above from the conditions (|14|) . (|15f) and Table 3.2.2. In this 
case we assume that 

T = {M(pi A ft + p 2 A ft), K(pi A q 2 - p 2 A ft), R J m +i,...,„, U, pi A E, 
{pi A x + p 2 A Jx|x G -E'i i ,.. im }, {Pi A Jx - p 2 A x|x G P^...^}, 
{pi A x + p 2 A Jx|x G n },Rpi Ap 2 }. 

In Table 3.2.2 we have xi, ft G P, x G P^...^, y G P^+i,...^, A x , A 5 G R, N 1 ,N 2 ,M 1 ,M 2 G 
Hom(R,P 1 1 j m ), M 3 G Hom(R, P4 +1 >n ), if m < n, then Ai = A 2 = and Ni = N 2 = 
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Table 3.2,1, Decomposition of a curvature tensor R e 71(q u ) 



V 

uAv \ 


R(pi A 91 
+p2 A q 2 ) 


K(pi A g 2 
-P2 Agi) 


U 


Pi A E 


P2 A i? 


Mpi A p 2 


Pi Agi 


MPi a 9i 
+P2 A g 2 ) 


A 2 (pi A g 2 
-p2 A gi) 





Pi Atfi(l) 


P2 A # 2 (1) 


A 4 pi A p 2 


pi A q 2 


-A 2 (pi Agi 
+P2 A q 2 ) 


Ai(pi A 92 
-P2 A 91) 





Pi A K 2 (l) 


-p 2 AKi(l) 


A3P1 A p 2 


xAy 








R u {x Ay) 


\ Pl APi{xAy) 


ipa AP 2 *(a;Aj/) 


HS(x),y) 
-r){S*{x),y)) -pi Ap 2 


9i Ax 


-ffi'W(piA9i 
+P2 A q 2 ) 


K*(x)(p 1 Aq 2 
-p 2 A 91) 


P 1 (x) 


Pi A Ti(x) 


P2 A S(z) 


L\{x)p 1 Ap 2 


92 A a: 


-K 2 (x)( Pl A qi 
+p 2 A q 2 ) 


-K{(x)( Pl Aq 2 

+P2 A91) 




pi A S* (x) 


p 2 AT 2 (:z) 


L 2 {x)pi Ap 2 


9i A 92 


-A 4 (pi A 91 
+P2 A g 2 ) 


A3 (pi A 92 
-p2 A 91) 


s-s* 


Pi A £i(l) 


P2 A £ 2 (1) 


A5P1 A p 2 



Table 3,2,2, Decomposition of a curvature tensor R e lZ(Q m,u ) 



\ F 

uAv \ 


K(pi A 9 i 
+P2 A 92) 


K(pi A g 2 
-p 2 A 9J 


^^m+l,...,n 


u 


{pi Aw +p 2 A Jio 

«" e si,...,™} 


{pi A Jio — p 2 A w\ 


{pi A w + p 2 A Jio 
6 „} 


Kpi A p 2 


Pi A 91 


Ai(pi Agi 
+P2 A 92) 


A 2 (pi A 92 
-P2 A 91) 








Pi AJVi(l) 
+p 2 A JJVi(l) 


-(piA JJV 2 (1) 
-P2 AJV 2 (1)) 





A4P1 A p 2 


Pi A g 2 


-A 2 (pi Agi 
+P2 A q 2 ) 


Ai(pi A q 2 
-p 2 A 91) 








Pi AJV 2 (1) 
+p 2 A JJV 2 (1) 


-(piA JWi(l) 
-P2 AJVi(l)) 





A3P1 A p 2 


zi A yi 











Ra{xi A yi) 


|(Pi AW E i p *( x i A l/i) 
+p 2 A ipr £ i P*(x-! A 2/1)) 


|(pi A ipr £1 JP'^iAyJ 
-p 2 A pr £ i JP*(x-! A 2/1)) 





(??((S-S*)a;i,S/i) 
+>?(^m,..., n x 1 ,2/ 1 )) - pi Ap 2 


qi A x 


-JV*(a;)(pi Agi 
+P2 A q 2 ) 


JV 2 *(a;)(pi A 92 
-P2 A 91) 





P(x) 


pi A (-JS 2l (x)) 
+p 2 A 5 21 (x) 


-(pi A JS ll (x) 
-p 2 A 5 u (x)) 





M*(x)p! Ap 2 


92 A X 


-NZ(x)(p l Aq l 
+P2 A q 2 ) 


-,V*(x)(p 1 A 92 
-P2 A 91) 





-P(Jx) 


p 1 A5 11 *(x) 
+P2 A JS ll *(x) 


Pi A JS n (Jx) 
-p 2 AS l2 (Jx)) 





M 2 *(a;)pi Ap 2 


Qi^V 




















Pi A \ 3 y 
+p 2 A X 3 Jy 


M£(y)pi Ap 2 


qi A q 2 


-A 4 (pi Agi 
+P2 A q 2 ) 


A 3 (pi A 92 
-p 2 A 9i) 


A3<^m+l,...,7i 


S - S* 


Pi AMi(l) 
+p 2 A JM 1 (1) 


Pi A JM 2 (1) 
-P2 AM 2 (1) 


Pi A M 3 (l) 
+p 2 A JM 3 (1) 


A5P1 A p 2 



0. Furthermore, P G K(u n u(m)), P G P(unu(m)), S n G Hom^i,...^,^ m ), 
S 21 G Hom(P lv .. im ,P 2 J, S 12 G Hom^x,...,™,^ 1 J, S 11 ^ = 0, S 21 \ E ? = 0, 

* * * ' ' ' 1 , . . . ,m l,...,m 

S 12 \ F i = 0, S 12 * = JS 12 J, S 2U = JS 21 J, S G Rom(E 1 ... m ,E 1 „. m ), S = S 11 + S 12 + 

l,...,m 

S 21 + JS n *J and S — S* £ ufl u(m). Conversely, for any elements as above the linear 
map R G Hom(M 2 ' 2n+2 A M 2 ' 2n+2 , g m - u ) defined by the Table 3.2.2, (03J and {E} satisfies 
P G P(g m ' u ). 

1) Consider the case n = 0. 

Lemma 3.1. T/ie -Lie algebras of Part 1 of Theorem \ 3.1\ exhaust all weakly-irreducible 
Berger subalgebras o/u(l, l)<p 1 ,p 2 >- 

Proo/. Let P G ft(u(l, 1) 

<pi,P2>)- As above, R can be found from the conditions R(p2 A 
q2) = R(pi A gi), R(p2 A gi) = — R(pi A 52), P(pi AP2) = and the following table: 



V 

uAv \ 


K(pi A qi +P2 A g 2 ) 


M(pi A g 2 - P2 A 91) 


Mpi A P2 


Pi A qi 


Ai(pi A <}i +p 2 A g 2 ) 


A 2 (pi A 92 - P2 A 91) 


A4P1 A p 2 


Pi A 92 


-A 2 (pi A (Ji +P2 A 92) 


Ai(pi A 92 - P2 A gi) 


A3P1 A P2 


qi A <22 


-A4(pi A <Ji + P2 A 92) 


A3(pi A 92 - P2 A gi) 


A5P1 A P2 



We will consider all subalgebras of u(l, l)< pi ,p 2 > an d check which of these subalgebras are 
weakly-irreducible Berger subalgebras. Let g C u(1, l)< Pl)P2 > be a subalgebra. We have 
the following cases: 

Case 1. pr c g = {0}, i.e. q C A 1 ® A 2 ; 
Case 2. C C g; 

Case 3. C G: g and pr c g 7^ {0}. 
Consider these cases. 

Case 1. pr c g = {0}, i.e. gci 1 ® A 2 . We have the following subcases. 

Subcase 1.1. g = A 1 © A 2 . We claim that g is a weakly- irreducible Berger subalgebra. 
Suppose that g preserves a non-trivial vector subspace L C M 2 ' 2 . Let ot\p\ + «2P2 + P1Q1 + 
P2Q2 G L be a non-zero vector. Applying the element (1,0) G .4. , we get a\p\ + «2£>2 — 
fl\q\ — ^2Q2 G L. Hence, a\p\ + (X2P2 G L and /3igi + /32</2 G L. Applying to these vectors 
the element (0, 1) G A 2 , we get a±p2 — (X2P1 G L and f3\q2 — 02qi G P There are three 
possibilities: L = M 2,2 , L = Rpi © Rp2 or L = Rqi © Rq2- Hence the subalgebra g is 
weakly- irreducible. 

Furthermore, g is spanned be the image of the curvature tensor P G P-(g) given by Ai = 1 
and A2 = • • • = A5 = 0. 



48 



Subcase 1.2. g = {(aji, 072, 0)\a G R}, where 71,72 G R- We claim that this subalgebra 
is not a weakly-irreducible Berger subalgebra. Indeed, if 72 = 0, then g preserves the 
non-degenerate proper subspace Rpi © Rgi C R 2 ' 2 . If 71 =0, then g preserves the non- 
degenerate proper subspace R(pi + gi) © R(p2 + Q2) C R 2 ' 2 . Suppose that 71 / and 
72 / 0. Let G ft(g). We have 

R(j>l A gi) = Xi(pi Aqi+p 2 A q 2 ) + A 2 (pi A g 2 - P2 A g x ) + A 4 (pi Ap 2 ), 

A g 2 ) = -A 2 (pi A g x +p 2 A g 2 ) + A x (pi A g 2 - P2 A g x ) + X 3 (pi Ap 2 ). 

Hence, A3 = A4 = and -A^- = Therefore, Ai = A2 = 0. Moreover, R{q\ A g2) = 
As(pi Ap2)- Consequently, A5 = 0. Thus, R = 0, 1Z(q) = {0} and g is not a Berger algebra. 

Case 2. C C Q. We have the following subcases: 

Subcase 2.1. g = (A 1 © .A 2 ) x C = u(l, l)< Pl ,p 2 >; 

Subcase 2.2. g = {(071, 072, 0)|a G R} x C, where 71,72 G R. These subalgebras contain 
C, hence they are weakly-irreducible (Part 1 of Theorem 12. ip . These subalgebras are 
Berger algebras, since any element of these algebras can be obtained as -R(gi A g2) for 
some curvature tensor R. 

Case 3. C <f_ g and pr c g 7^ {0}. Consider the following subcases. 

Subcase 3.1. dimg = 1, then g = {071, C72, c)|c G R}, where 71, 72 G R, 71 / or 72 / 0. 
We claim that g is not a Berger algebra. Indeed, let R G 1Z(q) by analogy with Subcase 
1.2, we have = ^ = Hence, Ai = A 2 = and A 3 = A 4 = A 5 = 0. 

Subcase 3.2. dimg = 2, then pr^i^^g = A 1 (B A 2 and g = {(ai, a 2 , v{a\, a 2 ))|ai, 02 G 
R}, where z^:R©R^Risa non-zero linear map. Let 71,72 G R be numbers such 
that ^(71,72) = and ^(—72,71) = 1- Hence g has the form {(071, 072, 0)|a G R} x 
{-C72,c72,c)|c G R}. We have [(71,72,0), (-72,71, !)] = (0,0,271) G g. Therefore, 71 = 0. 
Let 7 = 72- Thus, g = A 2 © {(07, 0, c)|c G R}, 7 7^ 0. This Lie algebra is conjugated to the 
Lie algebra f)ol 2 =0 . To see this it is enough to choose the new basis pi,P2,Qi — ^P2, Q2 + 

The lemma is proved. □ 

2) Let n > 1. We claim that the subalgebras of u(l,n + l)< pi ,p 2 > from the statement of 
the theorem are weakly-irreducible Berger algebras. Indeed, these subalgebras are weakly- 
irreducible. Table 3.2.2 shows that all these subalgebras are Berger algebras (any element 
of each algebra can be obtained as -R(gi A g2) for proper curvature tensor R), this will 
follow also from Theorem 13.21 
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We must prove that there are no other weakly-irreducible Berger subalgebras of 
u(l, n + l)< Pl , P2 >- For this we need all candidates for the weakly-irreducible subalgebras 
of u(l, n + l)< Pl , P2 >- Recall that in order to classify weakly-irreducible subalgebras of 
su(l,n + l)< Pl ,p 2 > we considered a Lie algebras homomorphism T : u(l,n + l)< PllP2 > — * 
LA(SimW n ) and its restriction ^ su (i,n+i) <P1 P2> '■ su(l, n + l)< Pl ,p 2 > ~~ * LA(SimW n ) which 
is an isomorphism. We proved that if C u(l, n+ l)< PljP2 > is weakly-irreducible, then the 
subalgebra f = T(g) C LA(SimW n ) satisfies a property. Then we found all subalgebras 
f C LA(SimW n ) that satisfy this property and the isomorphism r su ( l n+1 ) <pi pa> gave us 
the list of candidates for the weakly-irreducible subalgebras of su(l,n + 1)< P1 , P2 >- Now, 
since ker Fsu(i >n +i) <Pl v > = RJ, any weakly-irreducible subalgebra of u(l,n + 1)< P1 , P2 > 
must have one of the forms g, 0©RJ or 0^, where is a candidate to the weakly-irreducible 
subalgebras of su(l,n + l)< Pl , P2 >, 0^ = {x + £(x)J\x G 0} and £ : — ► R is a non-zero 
linear map such that 0^ is a Lie algebra. Recall that for m > all candidates to the 
weakly-irreducible subalgebras of su(l,ra + 1)< P1)P2 > are weakly-irreducible subalgebras. 

Lemma 3.2. Let be one of the following candidates to the weakly-irreducible subalgebra 
o/su(l,n + 1)< P1 , P2 >: 

n 0,W>,fc n 0,t),A\( n O,t),ip,io£ n O,t),V»,fe,io,C 

y > y j y > y 

(these Lie algebras defined as in the proof of Theorem 1 2. 1\ see Lemmas \2.2\ \2.3i and \2.J$ . 
Then the Lie algebras of the form q, and q © R J are not Berger algebras. 

Proof. Let be one of the above Lie algebras and R G 1Z(q © RJ). Since f) C sod(l, ■~,n), 
from Table 3.2.2 it follows that (pr u(n) R(R 2 ' 2n+2 A R 2 ' 2 ™+ 2 )) n f) = {0}. Therefore, if one 
of the Lie algebras 0, 0^ and © RJ is a Berger algebra, then f) = {0}. This condition 
holds only for the Lie algebra = g '^ }" 41 ^ . We claim that TZ(q © RJ) = {0}. Indeed, 
let R G 7&(q © RJ). We decompose R as in Table 3.2.2. For any y G E\ m we have 
R(Qi A y) = pi A \ 3 y + p 2 A X 3 Jy + M^(y)pi Ap 2 G 0. Consequently, A3 = and M 3 = 0. 
It is easy to show in the same way that all the other components of R are also zero. Thus 
the Lie algebras of the form 0, 0^ and © RJ are not Berger algebras. The lemma is 
proved. □ 

Lemma 3.3. Let q C u(l,ra + l)< PllP2 > be a weakly-irreducible Berger subalgebra with the 
associated number m, 1 < m < n. If q does not contain the set {p\ A w + p 2 A Jw\w G 

E m+l,...,n}> then P r u(m+l,...,n)fl = 



50 



Proof. Consider a curvature tensor R £ TZ(g). We decompose R using Table 3.2.2. Since 
m > 1, we see that p\ Ap2 £ 0. Let y £ Em+i n^ e a vector such that piAy+p2 AJy^g, 
then R(q\ A y) = p\ A \%y + P2 A A3 Jy + M| A P2 £ 0- Consequently, A3 = 0. From 
Table 3.2.2 it follows that pr u(m+lv .. in) i?(R 2 - 2n+2 AR 2 - 2n+2 ) = {0}. This proves the lemma. 
□ 

Lemma 3.4. Let g be a Lie algebra of the form g n >^' k > 1 r Q m ^'^' k ' l ' r . Then 
1) If g is a Berger algebra, then b C su(A;). 

®) If £ '■ Q —> ^ is not zero and g^ is a Berger algebra, then there exist elements A = 
(c~b) Gu ( n )> z i> z 2 £R n such that A+J k -^J n e 3(h), for x = (0,-^,-0,(7+ 
Jfc — ^2 J n , Z\, Z2, 0) £ we have £(x) = £ zero on the orthogonal complement 
to Mx, and the orthogonal complement to M.(A + J k — ^^Jn) in u(n) is contained in 
u(k). In particular, x + £(x) J = (0, 0, B, (7 + Jfc, z\, Z2, 0) and pr u ( n ) 0^ C u(k). 

3) The Lie algebra g © RJ is not a Berger algebra. 

Proof. Statements 1) and 3) follow from Lemma 13.31 Let us prove Statement 2). Suppose 
that 0^ is a Berger algebra for some linear map £ : — > R. From Lemma 13.31 it follows 
that pr u (jfc+i,...,n) 0^ = {0}. This can happen only in the case described in Statement 2). In 
this situation the Lie algebra 0^ is either of the form tyol n ' u '^ 1 ' kl ' 11 or g"W0i>fci,h>n_ The 
lemma is proved. □ 

Now we have to consider only the Lie algebras of the form 0, 0^ and ©RJ for = g 171 ^'- 4 - 1 
and = m ' f >>v, where < m < n and h C su(ra) © R(J m - ^Jn) © sod(m + 1, ...,n). 
Lemma 13.31 yields that if any of these Lie algebras is a Berger algebra, then h C su(m) © 

Let us consider the Lie algebra = g 111 ^'^ 1 , where h C su(m) ©R( J m — ^^Jn)- Obviously, 
is a holonomy algebra of the form hoi™'"" 4 where u = pr u ( m ) h and <j> : u — > E is the 
map linear map given by : (^ ^) l— ► — ^trC. Consider a Lie algebra of the form 0^, 
where £ : — > R is a non-zero linear map. We have £| fl / = £|f ) 'ix(.A/ 1 +.A/ 1 '"-' m +c) = 0> i- e - £ 
can be considered as a linear map ^ : A 1 (B 3(f)) — > R. If £|_4i / and £| 3 (M = 0, then 0^ is 
a holonomy algebra of the form hor 1 ' 11 '^ or ho[ m,u ' A . Suppose that = and let A £ h 
be an element such that £(A) 7^ and £ is zero on the orthogonal complement to R^4 in 
h. Consider the decomposition A = A\ + a(J m — ^2~J n ), where A\ £ su(m) and a £ R. 
If Ai / 0, then 0^ is a holonomy algebra of the form ho[ m ' u " /ll ' <^!, . Suppose that A\ = 0. If 
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€(Jm — ^r^Jn) = —J, then is a holonomy algebra of the form fyol 771 '"^ 1 ,a2 , otherwise, 
then is a holonomy algebra of the form f)o[ m,u '"^ Obviously, the Lie algebra g © MJ 
is a holonomy algebra of the form F)of n,u '" 4 or fjopw 4 ,4> 

The case g = g" 1 ' 1 ''^ can be considered in the same way. 

Thus the Lie algebras of the theorem exhaust weakly-irreducible Berger subalgebras of 
u(l,n + l)<pi,p 2 >- The proof of the theorem will follow from Theorem 13.21 □ 

3.3 Proof of Theorem EP 

Since the coefficients of each our metric g are polynomial functions, the Levi-Civita con- 
nection given by g is analytic and the Lie algebra t)o( is generated by the operators 

R(X, Y) , VR(X, Y; Z{) Qt V 2 R(X, Y; Z±; Z 2 ) , ... € so(T M 2n+4 , g ), 

where V r R(X,Y; Zy, Z r ) = (V Zr ■ ■ ■ V Zl R)(X, Y) and X, Y, Z u Z 2 ,... are vectors at 
the point 0. 

We consider the case n > 0. The proof for the case n = can be obtained by simple 
computations. 

First we consider some general metric and find all covariant derivatives of the curvature 
tensor of this metric. Let 1 < no < m < n be integers as in Section [3.11 We will use the 
following convention about the ranks of the indices 

a,b,c,d = 1, 2n + 4, i,j = 3, 2n + 2, 

i,j = 3, ...,n +2, i,j = n + 3, ...,m + 2, i,j = m + 3,...,n + 2, 

i,j = 3, ...,n + 2,n + 3, ...,n + n + 3, 
«) 3 = no + 3, ...,m + 2, n + n + 3, ...,n + m + 2, 
i,j = m + 3, n + 2, n + m + 3, 2n + 2. 
We will use the Einstein rule for sums. 

We assume that the numbers B i - and C l - equal B l ~ 2 and C l ~ 2 , respectively (here 
i-^aj)7j=l anc ^ (^aj)ii=l are numbers as in Section l3~Tj) . Define the numbers A^- such 
that A 1 , = B 1 ,, Ah n =B 1 ,, A l ± n = C i ,,A t , =-C 1 ,, and A 1 - = for other i and 
j, here a = 1, TV. 

Let </j, : u — > R be two linear maps with </?| u / = 0| u / = 0. Let the numbers ip a and 4> a 
(Ni + 1 < a < N) be as in Section T3. II If ip = (j) = 0, then we set TVq = N + 2 and consider 
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some numbers tfN+i, fN+2, <t>N+l, 4>N+2- If V? = and eft ^ 0, then we set No = N + 1, 
4>n+i = and consider a number </?iV+l- If 92 7^ and (f) = 0, then we set iVo = N + 1, 
<-PN+\ = and consider a number <^at+1- If 9? / and </> 7^ 0, then we set N$ = N . Thus 
we get some numbers (Va)^=_/Vi+i an d (</ , a)^=jv 1 +i- Consider the following polynomials 

No , N 

^ 2 "+ 3 )= V -i^(x«)« and 0(x 2 " +3 ) = V ^0 Q (x 2 " +3 ) Q . 
' — ' a! * — * ct! 

a=JVi+l a=jVi+l 

Consider the metric g given by ([T]) with the functions 

fi = ff + ff + fi{ x \ X 2n+3 ) + fi^ Q+1 + fiNo+l 77H-I (* = ^' 

where ^™ 0+1 and f™ No+ i m+1 are functions as in Section 13,11 and are functions 
defined as in Section l3~T1 using iVo instead of N, and fi(x l ,x 2n+3 ) are some functions, 
f 3 (x\x 2n + 3 ) = 0. 

We assume that /i(0) = /2(C)) = /3(C)) = 0, then go = r] and we can identify the tangent 

space to M 2n+4 at with the vector space R 2 > 2n + 2 such that -jfr\o = Pi, ^pdo = P2, 

d I d I d I f a I f 9 I 9 I 

gJ^IO — 1 dx n +' 2 10 — n ' aic n +3 10 — ■/ lv) g x '2n+2 |0 — Jri! Q x 2n+x |0 — yi; g 2 .2n+4 |0 — */2- 

For the non-zero Christoffel symbols of the metric g we have 

ii2n+3-2^r: il2 "+ 4 -2a^' l22 "+ 3 -2a^' 2211+4 "29^' il2 "+ 3 "2a?' ( 6) 
r i 1 f 8u* af 3 \ . 1 ( dh . . dh . . a/A , 17 s 

i l2 n+4- - ^"^T3 i2 "+ 32 "+ 3 " 2 +/3 fe 2:+/l fel"J' ( 7) 

pi _ If, 9/3 . , 8/3 \ r i _ 1 / 9/2 . f afa df 2 \ 

r 2 „+32n+4- g r 2n+4 2n+4 - - ^- + f a — + h — j , (18) 

r 2 _ 1 9f 3 r2 _ 1 Oh „ 2 _ 1 % 2 _ 1 9/2 r2 _ 1 /flu* , ft** ' 

ii2n+3-2^T' il2 "+ 4 "ifei"' ^^"ito 2 "' i22 "+ 4_ 2a^' l ^-2\d^ 



1 f a»' a/ 3 \ 

2 Vax 2 ™+ 3 axv 



l2 "+ 4 " 2 1 ^ Va^ dx* ) + dx- J ' 



(19) 
(20) 



t(g'(-^+S)+^ + (*-|>v)£+Ag|. <m 

2n + 2 „. / 2n + 2 



- 2n+4 2n+4 



1 w 9/2 Jf v,, n2 \ 9/2 a/ 2 \ 4 if a** a^ \ 
r -if_^l +u i^ r - 1 ( dul 8/3 i ^ dh \ (24) 

1 2„+3 2n+3 " 2 ^ Qxi + « &2 J ■ 1 2"+3 2n+4 " 2 ^ fe2n+3 ^ + « fe2 J , (24) 

_ 1 f 9 /2 , i 9/2 A r 2n+3 p2n+3 1 9/3 

l2n + 4 2n+4- 2 ^ g^i + U Q x 2 ) > 1 2n+3 2„+3 " 1 2n+3 2„+4 " ^q^> W 

r 2n+3 _ _\^]2l p2n+4 _ _ 1 ^/j_ p2n+4 _ _ 1 ^/3 p2n+4 _ _ I 5^. /•Ofi\ 

i 2n+4 2n+4— 2 Qx 1 ' 2n+3 2n+3 ~ 2 3x 2 ' 2n + 3 2n+4 ~ 2 3x 2 ' 2n+4 2n+4 ~ 2 3x 2 ' 
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Note that if a {1, 2}, then T® b = = 0. This means that the holonomy algebra f)o[ of 
the metric g at the point preserves the vector subspace Rpi ©Rp 2 C R 2 > 2n + 2 = T IR 2n+4 , 



so(2, 2n + 2)< pljP2 > 



, 2n + 2)<p l5 p 2 > , 


where 
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(all all) e0t(2), 

eel, 
x, y 6 R 2n , 

A 6 so(2n) 



In particular, it is enough to compute the following components of the covariant derivatives 
of the curvature tensor: ^ cd;ai;a2 ,.., #- cd;ai;a2 ,.., />%/:,„:„,,..• where a,b £ {1,2} and 
3 < i,j < 2n + 2. We have 



JV 

-Rl2n+3 2n+4 = ^2 2ra+3 2n+4 = 

a = JVi+l 



(a-1) 



.2n+3\a-l 



p2 

- n 12n+3 2n+4 



~^2 2n+3 2n+4 



AT 

E 

a = jV! + 



! (a-1)! 



R\ab = Rlab = if {«} U {6} # {2n + 3, 2n + 4}, (27) 



2«+3\a-l 



M* 2n+ ') 



*l„i = «2a6 = if {«} U {6} # {2n + 3, 2n + 4}, (28) 



1 9 2 /i 



ij2n+3 2 dx i dxi> A\dxi dx* ) dx 2 ' 



Ft} 



ij 2n+4 ' 
.2 

ij 2n+3 ' 



3V 



2 dxidx 2n + :i 

1 #V 

2 (9x l fe 2 "+ 3 



1 9 2 / 3 _ 1 / an* + 9uA 8/ 3 

2 dx 1 dxi 4 \9a>? dx 1 J dx 2 ' 

1 9 2 / 3 _ i /e^_ 9^\ % 

2 9^9^ 4 Vfe j dx 1 ) dx 2 ' 



(29) 
(30) 
(31) 



ij 2n+4 ~ 4 I g x i ~ g x n J [fan ~ g x j J + 2 ^ " V dx'idxi ~ dx^xi 



1 d 2 h i (du* dm \ 9/ 2 

2 fe-aiJ 4 I fe J dx 1 J dx 2 ' 



i _ i / a 2 «j 9 2 / 3 2 ^ 2 / 9«* w \ a/i 

i2n+32n+4 ~ 4 I ( fe 2n+3)2 + ~ ^ V&J ~ 9^ J 9i7 



J=3 



V 9a;-' 9a; 1 / 9a;* / 9a: 2 



9« l 9/3 9«' 9/1 9/i 9/3 9/3 9/3 , 9/3 9/ 



aa; 2n+3 9:r 2 ax 2 ™+ 3 9a: 1 9a:* 9k 1 9a; 4 dx 2 dx 1 dx 



+ 7T7 7TT > ( 33 ) 



1 / 2 yt 2 uJ /_9V_ 9 2 ^ \ 2 yt 2 / dvP _ dfs] ( 9u l dv? ' 

A 2-^ U [ »«jfl„2n+3 »„ifl„2n+3 j + [ fl„2n+3 n~.j j [ 1 



i2n+32n+4 4 I ^ \ dx j Q x 2 n +3 dx iQ x 2 n +3 J ^ Z-j \ 9x 2n+3 Q x j J \ dx j Q x iJ 

1 J=3 x ' J=3 

9/ 2 9/ 3 9 2 / 2 dv? 9/2 drf 9/3 9/l 9/ 2 9/3 9/2 9/ 3 9/3 \ , . 

dxi dx 2 9x i 9x 2 »+3 9a; 2 ™+3 dx 2 9x 2 ™+ 3 9s 1 9x* 9a; 1 9^ 9x 2 9x l 9s 1 J ' 1 ' 
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N 1 • 2n 3 -I 

R j2n+32n+4 = 22 ( a _i)\ A "j( x2n+3 ^ a 1 ' ^ 
a — 1 ^ '' 

N o , 

3 '27x+32n+4 s 2n+3 2n+4 2 (q-1)! J 2n+3 2n+4 3 ' 2n+3 2n+4 V ' 

a — iV^ + l v ' 

#U =0 if M U {6} ^ {2n + 3, 2n + 4}, (37) 
Rj 2n+3 2n+4 =° if 3 £ { 3 i — , n + 2, n + 3, . . . , n + no +2} or i,j £ {in + 3, n + 2, n + m + 3, 2n + 2}. 

(38) 



Specifically, 

^ij2n+3 ~ ^n+ij2n+3 ~ %' ^Vt+i j 2n+3 — _ j 2n+3 — ^' 
^h~j2n+i ~ ^n+ij2n+4 ~ ^' ^n+i jf 2n+4 ~~ ~~ ^1 j 2ra+4 ~~ ~~ % ' 

flJ =J R? = 0, if {a}U{6} £ {j,2n + 3}U{j,2n + 4} for some j, (41) 

jab iab 

" 1 

Z?l = K-2 i ( 2n+2\N +j-m-l (a*) 

i2n+3 2n+4 1 n+i 2n+3 2n+4 Z_> ny Q + 7 - m — 1) ! ' 

j=m+l 

^2n + 32n + 4 = ^L + 32n + 4 = °> ^ = = * W U W ^ { ^ + 3 ' 2 " + ^ 

(43) 

We also wish to have 

tf. 1 = # 2 and fl i = _ R 2 / 44 x 

iao n+iao n+tao lab ^ ' 

The computations shows that these equalities hold if we choose 

fi = f? (i = 1,2,3), (45) 
where the functions ff are as in Section [3.11 In particular, 

N 1 

Rh = V -A* s (x 2n+3 )°- 1 . (46) 

ij2n+4 ^ (a — l)\ aj y ' 
a=l 

Thus, 

#; a & = -Rn+iafc an d ^n+iafe = -#!a6> wh ere 3 < i < n + 2 (47) 

To compute the covariant derivatives of the curvature tensor we will need the following 
Christoffel symbols 

^ = 1^ = if a ^{i,2}, r 2 ;+ 3 = r 2 ;+ 4 = o, = r j2n+3 = o, (48) 
ri = y ±-A i Jx 2n+3 ) a , ri =-r2 = <$!+>, (49) 

j'2ra+3 ' a! cr/ j 2n+3 i2n+3 ? 
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■p2n+3 _ _ r 2n+3 _ p2n+4 _ 1 

1 2n+3 2n+3 ~~ 1 2n+4 2n+4 ~~ 1 2n+3 2n+4 ~~ 



r 2n+3 _ r 2n+4 _ _p2n+4 _ - /r n \ 

1 2n+3 2n+4 — 1 2n+3 2n+3 ~~ 1 2n+4 2n+4 — V 3 - l JU J 



Lemma 3.5. We have 



1) R\ = yi fC T ztA l z, where T aba , ~ is a finite set of indices, z* are 
functions and At £ u; 

2) If<p 0, then R{ abm ..... ar = R 2 2ab;ai ,.. ;ar = ZteT abai ... ar zMA); 

lf(p = 0, then R{ abm ..... ar = Rl ab . ai ..... ar and this equals for < r < N - 1; 

3) Ifcf> * 0, then Hi,,,,,,....,,,. = -R l 2ab , a ,... , ar = EteT abai ... ar ^(A), 4^....^ = 
-RL =Sl +n EteT h zt<t>{A t ); 

iab\ai\--- ;a r j ' — ' I -fc- t aba 1 ...a r 



If 6 = 0, then R^ nh . n . .„ = -R\ nh . n . .„ , R% = —Ri , and these 

■> r ' lab;av,-;a r 2ab;ai;-;a r > ,„,,.„,.... : „. iab;a lV ■ ■ ;a r 

components equals for < r < N — 1; 

4 ) Rlab; ai ;...;a r = fi n+ia6;a i; ...;a r and ^n+ia6;a i; ...;a r = - R Lb; ai ;...;a r > where 3 < i < n + 2; 

5) R 1 , t =RK =0; 

' n+i ab;a± ;...;a r «ao;ai;...;a r 

6 ) R )ab;ay,...;a r = *A J {3,..., no + 2,71 + 3, ...,71 + n + 2} or i,j {m + 3, ...,n + 
2,n + m + 3, ...,2n + 2}. 

Proof. The lemma can be easily proved using the induction and equalities (|27|) . (|28|) . 
(JMHE]), (USD and dUJ). 

For example, let us prove Part 1) and Part 2) of the lemma for a r = 2n + 4. Let r > 1 
Suppose that the lemma is true for all s < r. Let a r = 2n + 4. Suppose that 93 / 0. 

We have 

jbc;ai;...;a r _i;2n+4 — 

9x^n+4 r J- a2n+4 rt jbc;ai;...;a r _i 1 j 2n+4- rL a6c;ai;...;a r _i 1 62n+4- n 'jac;ai;...;a r _i 

pa r>i pa ™ pa m 

1 c2n+4 J1 'j6a;ai;...;a r _i ai 2n+A Ix jbc;a;a2...;a r -\ '" a r _i 2n+4- n, jbc;ai;...;a r _2;a' 

Since f>ot C 50(2, 2n + 2) <Pl)P2> , we have Jg...^ = ift...^ = //'„„,„ : ,.,,, , = 
R\bc ay a r _i = 0- Using this, ((151) . (fi9|) and the induction hypotheses, we get 
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T>1 

jbc;ai;...;a r -i;2n+4 

^*eT Ilcttl ... 0r _ 1 d x£+i A \j + E«=l il ^6T ijool ... ar ( a;2n+3 ) a! ^[^'ai^]i 

E2n+4 v-t -p a _ v^2n+4 ^ -pa „ Ai 

0=1 2-4eTac ; oii...jo r _i 62n+4 z ^*i Z^a=l ^6T 6Q;Qi; ... ;0r _ 1 1 c2n+4^^j 

E2n+4 ™ ytj _ _ ^2n+4 ^ pa 41 

o=l L.t& bc . a . a2 ..... ar ^ L ai 2n+4 z t^tj ■■■ Z^a=l 2^teT bc . ai ; ... i0p _ 2i „ 1 a r _i 2n+4 z i /i ij ■ 

We also have 
pi 

- n 'lbc;ai;...;a r _i;2n+4 

lbc;a 1 ;...;a r _i -p\ p Q -p a _ pa pi 

dx 2n + A r a2n+4- rL lfec;ai;...;a r _i 1 1 2n+4 rL abc;ai;...;a r - 1 1 62n+4- rt lac;ai;...;a r _i 

pa pi pa pi pa pi 

L c2n+4 ll lba 2n+4-"-lfec ;a;a2...;Q-r— 1 "' a r— 1 2n+4 ll lbc 

Since ()o[qSo(2, 2rz + 2)<p 1; p 2 >, we see that i?" foc . . a _ = r^ 2n +4 

= if a {1,2}. Hence, 

pi pa pa pi 

;ai;...;a r _i x 12n+4- 1L a6c 

_ pi p2 _ p2 pi 

— L 22n+4 rL lbc;a 1 ;...;a r -i 1 1 2n+4 rl 2fec;ai;...;a r _i 

= ( r 22n+4 + r i2n+4)-^16c;ai;...;a r _i = °' 

where we used Statement 3) for r — 1 and the fact that T\ 2n+i + T\ 2n+4 = 0. Thus, 
pi _ 

' rt 16c; ai ; . . . ; a r _ i ; 2n+4 

^GT bcai ... ar _ 1 gj&*¥>(^t) 

- Ea=! 4 EteT^,.,^ r 62n + 4^^(^t) " Ea=f Eft 7,, ; „, .., a , , r c2n+4W(^t) 

-E a =l EteT 6c;a;a2; .... ar ._ 1 F ax 2n+4 z t<P( A t) ~ - ~ Ea=l Et 6 T 6c;ai; ... ;ar _ 2;a F a r -i 2n+4 Z M A t ) ■ 

In the same way we can compute R\ bc . ai . . a _ -2 n +4- Now the statement follows from the 
induction hypotheses and the fact that <p\ u / =0. □ 



Lemma 3.6. If one of the numbers a, b, a\,...,a r belongs to the set {1, ...,2n + 2}, then 

pi = f) 

^jab;a\ ;...;a r u ' 



Proof. To prove the lemma it is enough to prove the following 3 statements 

1) If 1 < c < 2n + 2, then = q. 

2) Ifl<c<2n + 2, then i?; ab;ai; , ;ar _ i;c = 0; 

3) If for fixed a, 6, ai,...,a r _i (and for all 1 < i,j < j) we have Rj ab . ai . . CLr _ 1 = 0, then 
■fQab-ay a r _i a r = These statements can be proved using the induction, (j35j) and 

). □ 
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Lemma 3.7. For all < r < N — 1 we have 

A (0)=A i ,+Y^raA i „ 

j2n+3 2n+4;2n+3;...;2n+3(r times) r+lj aj 

a=l 

where fi ra are some numbers. 

Proof. We will prove the following three statements 
1) If < r < Nt - 1, then 

N N 

m = y t r 7 ^ i s (x 2n+3 ) Q - r - i +y H (x 2n+3 )j 

^ (a-r -1)1 aj L^t ) 



j2n+3 2n+4;2n+3;...;2n+3(r times) ^ (a — T — X)\ aj 

a=r+l y p=i 

where Hp(x 2n+3 ) are polynomials of x 2n+3 such that H^Q) = H'JO) 



2) For all < r < N - 1 we have 

r+1 N 

m = y G Q (x 2n+3 M% + y F a (x 2n+3 )A%, 

j 2n+3 2n+4;ai;...;a r ^— ' «j ^— ' aj 

a=l a=r+2 

where G Q (x 2n+3 ) and F a (x 2n+3 ) are polynomials of x 2n+3 such that F r+2 (0) = 0, 
F r+3 (0) = F; + 3(0) = 0,...,*V(0) = F' N (0) = ■■■ = F ( N N - r - 2) (0) = 0; 

3) If JNTi < r < N- 1, then 
id 

j 2n+3 2n+4;2n+3;...;2n+3(r times) 

AT 1 iVi JV 

where W^fx 2 ™" 1 " 3 ) and Q 7 (x 2n+3 ) polynomials of x 2n+3 such that Q r +i(0) = 0, 
Q r+2 (0) = Q' r+2 (0) = 0,...,Qjv(0) = Q' N (0) = ■■■ = Q^- r - 1] (0) = 0. 

Let us prove Statement 1). For r = the statement follows from (|35j) . Let r > and 
suppose that Statement 1) holds for all s < r. We have 

m 

j2n+3 2n+4;2n+3;...;2n+3(r times) 



dK 

i 2n+3 2n+4 

dx 2n + 3 ' ~ ^ L a 2n+3 



j 2n+S 2n+4:2n+3;...;2n+3(r-l times) . -pi pa 



j 2n+3 2n+4;2n+3; ... ;2n+3(r- 1 times) 



pa pi 

f 2n+3 a2 ™+32n+4;2n+3;...;2n+3(r-l times) 

pa pa j^i 

2n+32n+3 j a 2n+4;2n+3;...;2n+3(r-l times) 2n+42n+3 j 2 n+3 a;2n+3;...;2n+3(r-l times) 
pa j^i 
2n+3 2n+3 j 2 n+3 2n+4;a;2n+3;...;2n+3(r-2 times) 

pa j^i 

2n+3 2n+3 j 2 n+3 2n+4;2n+3;...;2n+3(r-2 times);a' 
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Using Lemma [3751 (|35]1 and ([50]) we get 



Rl 

j 2n+3 2n+4;2n+3;...;2n+3(r times) 



2n+3 2n+4 



j 2n+3 2n+4;2n+3;...;2n+3(r-l times) _ ^ _|_ ^ ^^.271+3 ^ ffi 



j 2n+3 2n+4;2n+3; ... ;2n+3(r- 1 times) 

-ip(x 2n+3 )(Rl ( 51 ) 
j 2n+32n+4;2n+4;2n+3;...;2n+3(r-2 times) 

+ --- + RI )• 

j 2n+3 2n+4;2n+3;...;2n+3(r-2 times);2n+4 

Statement 1) follows from the induction hypotheses and the fact that ^3(0) = <p'(0) = ■ ■ ■ = 
0(*i-i)(O) = O. 

Statement 2) can by proved by analogy (by Lemma 13.61 we may consider only a r = 2n + 3 
and 2n + 4). Statement 3) can be proved using (|51|) and Statement 2). 

From Statement 1) it follows that for < r < N\ — 1 we have 

Rl (0)=A i t . 

j2n+3 2n+4;2n+3;...;2n+3(r times) r+lj 

The end of the proof of the lemma follows from this and Statement 3) . □ 

From Statement 1) of Lemma 13.51 and Lemma 13.71 it follows that pr so ( 2 m) fyoto = u - 

Lemma 3.8. For all < r < N — 1 we have 

Rh (0)=A i , + Yv ra A i „ 

ij 2n+4;2n+3;...;2n+3(r times) r-\-lj aj 

a=l 

where u ra are some numbers. 

Proof. The lemma can be proved by analogy to the proof of Lemma 13.71 using (|46p . □ 
Using (jl2l . we get 

^i2n+3 2n+4;2n+3;...;2n+3(r times) ^ ~ ^n+i 2n+3 2n+4;2n+3;...;2n+3(r times) ^ 

= Si r _ No+m+3 for all N < r < N + n - m - 1. (52) 

Consider the Lie algebra t)ol m,u,Al ^ . We take (p = 4> = 0, N = N + 2, <£n+i = 1, <PN+2 = 
0, 4>n+i = and (pN+2 = 1- Then the above metric coincides with the metric from Table 
1331 for the Lie algebra t)ol m ' u ' Al ' A2 . From Lemma [33] it follows that fjo[ C t)ol m ' u > Al ' A2 . 
From Lemma |3~71 it follows that u C rjo[ . From , (BHD, ^3), Lemma and the fact 
that u does not annihilate any proper subspace of E\^.^ no h follows that M 1 +M 2 C ho[ . 
It can be shown that 

-^L 2n+3 2n+4;2n+3;...;2n+3(A r +l timcs)(0) = R\ 2n+3 2n+4;2n+3;...;2n+3(iV+l times) (0) = 1) 
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R 



R 



R 



^12n+3 2n+4;2n+3;...;2n+3(iV+l times) (P) = ^2 
^12n+3 2n+4;2n+3;...;2n+3(7V+2 times) (0) = ^2 
12n+3 2n+4;2n+3;...;2n+3(A r +2 times) (0) = — ^: 




AS 



1 2n+3 2n+4;2n+3;...;2n+3(7V+2 times) 



j 2n+3 2n+4;2n+3;...;2n+3(iV+2 times) 



Hence, .A 1 + A 2 C rjo[ . The inclusion C C f)ot is obvious. Thus, f)oI = fjoP 1 '"" 4 > A . 
The Lie algebras ^r^ 1 ,* \)o[ m ^*\ fjor^'* and f)o[ m ' u ' A , can be considered in the 



Now we are left with the Lie algebras [j l n ' u, ^ ,k ' 1 and ty [ m > u ^> k > l > r . For them we can use 
the following lemma. Let i = uq + 3, n + 2, n + no + 3, 2n + 2. 

Lemma 3.9. Consider the following metrics on M 2n+4 



g = 2dx 1 dx 2n+3 + 2dx 2 dx 2n+A + Ei=t 2 ( dxt ) 2 + 2 Ei=3 2 "V, x 2ri+3 )^^ 2n+4 

+(A(xSx 2n+3 ) + h{x\x 2n+3 )){dx 2n+3 ) 2 + (/ 2 (xSx 2n+3 ) + j^x 2 ^ 3 ))^ 2 ^ 4 ) 2 

+2(f 3 (x i , x 2n+3 ) + / 3 (x\x 2n+3 ))dx 2n+3 dx 2n+4 , 
5 i = 2dx 1 dx 2n+3 + 2dx 2 dx 2n + 4 + Ei=3 2 (^) 2 + 2 E^s 2 x 2n + 3 )dx^x 2n + 4 

+/ 1 (xSx 2n+3 )(dx 2n + 3 ) 2 + f 2 (x\x 2n+3 )(dx 2n+i ) 2 + 2/ 3 (x 5 ,x 2n+3 )dx 2n+3 dx 2n + 4 , 
g 2 = 2dx 1 dx 2n+3 + 2dx 2 dx 2n + 4 + E-=3 2 (dx 1 ) 2 

+f 1 (x\x 2n+3 )(dx 2n+3 ) 2 + f 2 (x\x 2n+3 )(dx 2n+i ) 2 + 2h{x\x 2n+3 )dx 2n+3 dx 2n+A . 



Let R, R and R be the corresponding curvature tensors, then R = R + R. 

Proof. Using equalities (fTBT) - ([26]) . it is easy to see that for the corresponding Christoffel 
symbols we have T% c = fj. + f f £ c f ^ = and =0. The proof of the lemma 

follows from the formula for the curvature tensor. □ 

Consider the Lie algebra ^0^'^. We have /; = /P + ff no+l + ft'* + jjjji " (* = 1, 2, 3). 
From (I16p and (|19p it follows that the holonomy algebra f)ol annihilats the vectors p\ and 
Vi- 

By Lemma 13.91 h is enough to compute the covariant derivatives of the curvature tensor 
R of the metric g\ with fa = ff + /f no+1 (i = 1, 2, 3) and the covariant derivatives of the 
curvature tensor ^ of the metric g 2 with /j = / 4 . + /^i ln (i = 1, 2, 3). 

Consider the curvature tensor 7?. Set ip = <p = and iVo = iV, then we can use the above 
computations. 



same way. 
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As in Lemma 13.71 we can show that for all < r < N — 1 it holds 

-^j'2n+3 2n+4;2n+3;...;2n+3(r times) W = ^r+lj} 
and ^}2n+3 2n+4;2n+3;..,2n+3(rtimes)( ) = for r > A^. 

From (|50p and proof of Lemma 13.51 it follows that 

N 

n! 



W 1 

Kjbc;a 1 ;...;a r - 1 ;2n+4 = ~ J (^ 2 " +3 )" I4g , C; a\] ...] q r _i)] 



Hence if at least one of the numbers a±, a r equals 2n + 4, then R(b, c; oi; a r ) G u'. 
We can use also Lemma [3761 (1391) and (HDD- 



For the curvature tensor R we have i?!x,„.„ . ,„ =0. Let 3 < i < n + 2, then 

j L/C, £Z^ , ■ . . . CLf ' 



2n+3 2n+4;2n+3;...;2n+3(r times) (0) ~~ -^i+n 2n+3 2n+4;2n+3;...;2n+3(r times) (^) 

-V'ir+ii, iffc + 3<i<Z + 2andJV 1 <r<iV-l, 
1, if / + 3 < i < n + 2 and r = N + i - I - 3, 

0, else, 



R 



i+n2n+3 2n+4;2n+3;...;2n+3(r times) W — 2n+3 2n+4;2n+3;...;2n+3(r times) (^) 



^2r+ii, if & + 3 < i < I + 2 and Nx < r < N - 1, 
^ 3r+ ii, if I + 3 < i < n + 2 and N x < r < N - 1, 
0, else. 

It can be also proved that //),„,,„,.,„, = R 2 jbc . ai ,.., ar = 0, if {6} U {c} / {2n + 3, 2n + 4} or 
{ai} U ••• U{a r } / {2n + 3}. 

Now it is easy to see that f)ol = (jor 1 '"'^'^. The Lie algebra f )0 [ m > u >' | /'> fc ^ r can be considered 
in the same way. 

The theorem is proved. □. 
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